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Abstract. We study the problem of the invertibility of linear combinations of two or three 
k-potent matrices under various conditions. In these cases, we give explicit formulae of 
their inverses. 

 
 

1. INTRODUCTION 
 

   Let ℂ௠×௡ denote the set of all 𝑚 × 𝑛 complex matrices. Specially, let ℂ௡×௡ 
denote the set of all 𝑛 × 𝑛 square complex matrices. The symbols 𝑅(𝐴) and 𝑁(𝐴) 
denote the range (column space) and the null space of a matrix 𝐴, respectively, 
while 𝑟(𝐴) is rank of 𝐴. ℂ௥

௡×௡ is symbol of the set of all 𝑛 × 𝑛 matrices with rank 
𝑟. Also, 𝐼௡ denotes the identity matrix of order 𝑛. We say that integers 𝑘 and 𝑙 are 
congruent modulo the positive integer 𝑚, and we use notation 𝑘 ≡ 𝑙 (𝑚𝑜𝑑 𝑚), if 
𝑚 divide 𝑘 − 𝑙. 
In this paper, we deal with k-potent matrices, where k is a positive integer greater 
than one. This type of matrices is defined as follows. 

 
Definition 1. ([4]) A matrix 𝐴ϵℂ௡×௡ is k-potent if 𝐴௞ = 𝐴, where 𝑘 is a positive 
integer greater than one. 

  
   Any k-potent  matrix is group invertible. For 𝐴ϵℂ௡×௡, the group inverse of 𝐴 is 
the unique, if it exists (see [2]), matrix 𝐴⋕ϵℂ௡×௡ such that: 

 
𝐴 = 𝐴𝐴⋕𝐴, 𝐴⋕ = 𝐴⋕𝐴𝐴⋕, 𝐴𝐴⋕ = 𝐴⋕𝐴. 

 
Thus, if 𝐴ϵℂ௡×௡ is a k-potent matrix, then 𝐴⋕ = 𝐴௞ିଶ. 

 
   The research dealing with k-potent matrices is quite extensive (see [1], [4]-[6], 
[8], [9]) because they have a wide application, for example in statistics (see [7], 
[10]).  A particularly interesting research topic related to k-potent matrices is the 
invertibility of a linear combination of k-potent matrices. In this paper, we study 
the invertibility of linear combinations 𝑐ଵ𝐴 + 𝑐ଶ𝐵 and 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶, where 
𝐴, 𝐵, 𝐶 are k-potent matrices and 𝑐ଵ, 𝑐ଶ, 𝑐ଷ are nonzero complex numbers. Also, 
we give some formulae for (𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ and (𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶)ିଵ under 
various conditions. 
__________________________________________________ 
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2.  INVERTIBILITY OF A LINEAR COMBINATION OF TWO K-
POTENT MATRICES 

 
 

   Recently, there has been interest in investigating the invertibility of a linear 
combination of two k-potent matrices. In [3], J. Benitez, X. Liu and T. Zhu proved 
the following results. 

 
Theorem 1. [3] Let 𝐴, 𝐵ϵℂ௡×௡ be two k-potent matrices such that 𝐴௞ିଵ𝐵 =
𝐵௞ିଵ𝐴 or 𝐵𝐴௞ିଵ = 𝐴𝐵௞ିଵ. If a linear combination 𝑑ଵ𝐴 + 𝑑ଶ𝐵 is nonsingular 
for some 𝑑ଵ, 𝑑ଶϵℂ ∖ {0} satisfying 𝑑ଵ + 𝑑ଶ ≠ 0, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular 
for all 𝑐ଵ, 𝑐ଶϵℂ ∖ {0} satisfying 𝑐ଵ + 𝑐ଶ ≠ 0. 
 
Theorem 2. [3] Let 𝐴, 𝐵ϵℂ௡×௡ be two k-potent matrices such that 𝐼௡ − 𝐴௞ିଵ𝐵௞ିଶ 
is nonsingular. If there exist 𝑐ଵ, 𝑐ଶϵℂ ∖ {0} such 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular, then 
𝐴 − 𝐵 is also nonsingular. 
 
Theorem 3. [3] Let 𝐴, 𝐵ϵℂ௡×௡ be two commuting k-potent matrices. If there 
exists 𝑎ϵℂ ∖ {0} such that 𝐴 + 𝑎𝐵 is nonsingular, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 and 𝑐ଵ𝐼௡ +

𝑐ଶ𝐴𝐵 are nonsingular for all 𝑐ଵ, 𝑐ଶϵℂ ∖ {0} with 
ି௖భ

௖మ
∉ √1

ೖషభ
. 

 
Theorem 4. [3] Let 𝐴, 𝐵ϵℂ௡×௡ be two k-potent matrices, and let 𝑐ଵ, 𝑐ଶϵℂ ∖ {0}. 
Then the following statements are equivalent: 

(𝑖) 𝑐ଵ𝐴𝐵௞ିଵ + 𝑐ଶ𝐵𝐴௞ିଵ is nonsingular. 
(𝑖𝑖) 𝑐ଵ𝐵௞ିଵ𝐴 + 𝑐ଶ𝐴௞ିଵ𝐵 is nonsingular. 
(𝑖𝑖𝑖) 𝑐ଵ𝐴 + 𝑐ଶ𝐵 and 𝐼௡ − 𝐴௞ିଵ − 𝐵௞ିଵ are nonsingular. 

 
Theorem 5. [3] Let 𝐴, 𝐵ϵℂ௡×௡ be two k-potent matrices such that 𝐴௞ିଵ𝐵 =
𝐵௞ିଵ𝐴, and let 𝑐ଵ, 𝑐ଶϵℂ ∖ {0}. If 𝐴 or 𝐵 are nonsingular, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 are 
nonsingular if and only if 𝑐ଵ + 𝑐ଶ ≠ 0. In this case,  

(𝑖) If 𝐴 is nonsingular, then 
 

 (𝑐ଵ + 𝑐ଶ)(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ = 𝐴ିଵ + 𝑐ଶ𝑐ଵ
ିଵ𝐴ିଵ൫𝐼௡ − 𝐵௞ିଵ൯. 

 
(𝑖𝑖) If 𝐵 is nonsingular, then 
 

(𝑐ଵ + 𝑐ଶ)(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ = 𝐵ିଵ + 𝑐ଵ𝑐ଶ
ିଵ𝐵ିଵ൫𝐼௡ − 𝐴௞ିଵ൯. 

 
Theorem 6. [3] Let 𝐴, 𝐵ϵℂ௡×௡ be two k-potent matrices such that 𝐴𝐵 = 0, and 
let 𝑐ଵ, 𝑐ଶϵℂ ∖ {0}. Then 𝑁(𝑐ଵ𝐴 + 𝑐ଶ𝐵) = 𝑁(𝐴 + 𝐵) and 𝑅(𝑐ଵ𝐴 + 𝑐ଶ𝐵) =
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𝑅(𝐴 + 𝐵). In particular, 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and only if 𝐴 + 𝐵 is 
nonsingular, and in this case, we have 
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ = 𝑐ଵ
ିଵ(𝐴 + 𝐵)ିଵ + (𝑐ଶ

ିଵ − 𝑐ଵ
ିଵ)𝐵௞ିଶ൫𝐼௡ − 𝐴௞ିଵ൯. 

  
   However, the invertibility of a linear combination can be studied under other 
conditions.  
Let 𝐴, 𝐵ϵℂ௡×௡ be two k-potent matrices for some natural 𝑘 > 1. Since 
𝐴𝜖ℂ௡×௡, 𝑟(𝐴) = 𝑟 is k-potent, this matrix can be written as: 
 

   𝐴 = 𝑈 ቂ
𝐾 0
0 0

ቃ 𝑈ିଵ,                                             (1) 

 
where 𝑈ϵℂ௡×௡ is nonsingular, 𝐾 = 𝑑𝑖𝑎𝑔(𝜆ଵ, … , 𝜆௥), 𝜆௜

௄ିଵ = 1 for 𝑖 = 1, … , 𝑟. 
Obviously, 𝐾𝜖ℂ௥×௥ is nonsingular and 𝐾௞ିଵ = 𝐼௥. Furthermore, we can write 
𝐵ϵℂ௡×௡ as follows: 

  𝐵 = 𝑈 ൤
𝐵ଵ 𝐵ଶ

𝐵ଷ 𝐵ସ
൨ 𝑈ିଵ,                                           (2) 

 
where 𝐵ଵ = ℂ௥×௥ and 𝐵ସϵℂ(௡ି௥)×(௡ି௥). 

 
Theorem 7. Let 𝐴ϵℂ௥

௡×௡ and 𝐵ϵℂ௡×௡ be k-potent matrices such that 𝐴𝐵 = 0 =
𝐵𝐴, and let 𝑐ଵ, 𝑐ଶϵℂ ∖ {0}. Then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and only if  𝐴௞ିଵ +

൫𝐼௡ − 𝐴௞ିଵ൯𝐵 is nonsingular. Furthermore, 
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ = 𝑐ଵ
ିଵ𝐴௞ିଶ + 𝑐ଶ

ିଵ൫𝐼௡ − 𝐴௞ିଵ൯𝐵௞ିଶ. 
 

Proof. Let 𝐴ϵℂ௥
௡×௡ be of the form (1). Since 𝐴𝐵 = 0 = 𝐵𝐴, then B has the form: 

                                      𝐵 = 𝑈 ൤
0 0
0 𝐵ସ

൨ 𝑈ିଵ,                                             (3) 

 
where 𝐵ସϵℂ(௡ି௥)×(௡ି௥). From 𝐵௞ = 𝐵, it follows that 𝐵ସ

௞ = 𝐵ସ, i.e. 𝐵ସ is k-potent. 
In addition,  

𝑐ଵ𝐴 + 𝑐ଶ𝐵 = 𝑈 ൤
𝑐ଵ𝐾 0

0 𝑐ଶ𝐵ସ
൨ 𝑈ିଵ. 

 
Based on the invertibility of 𝐾, we conclude that 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and 
only if 𝐵ସ is nonsingular. Since  

𝐴௞ିଵ + ൫𝐼௡ − 𝐴௞ିଵ൯𝐵 = 𝑈 ൤
𝐼௥ 0
0 𝐵ସ

൨ 𝑈ିଵ, 

we have that 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and only if  𝐴௞ିଵ + ൫𝐼௡ − 𝐴௞ିଵ൯𝐵 is 
nonsingular. Furthermore, 
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(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ = 𝑈 ቈ
𝑐ଵ

ିଵ𝐾ିଵ 0

0 𝑐ଶ
ିଵ𝐵ସ

ିଵ቉ 𝑈ିଵ = 𝑈 ቈ
𝑐ଵ

ିଵ𝐾௞ିଶ 0

0 𝑐ଶ
ିଵ𝐵ସ

௞ିଶ቉ 𝑈ିଵ 

= 𝑐ଵ
ିଵ𝐴௞ିଶ + 𝑐ଶ

ିଵ൫𝐼௡ − 𝐴௞ିଵ൯𝐵௞ିଶ.        
 
 

Corollary 1. Let 𝐴ϵℂ௥
௡×௡ and 𝐵ϵℂ௡×௡ be k-potent matrices such that 𝐴𝐵 = 0 =

𝐵𝐴, and let 𝑐ଵ, 𝑐ଶϵℂ ∖ {0}. Then, 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and only if  𝐴 + 𝐵 
is nonsingular. 

 
   Beside forms (1) and (2), the following fact: If 𝐸, 𝐹ϵℂ௡×௡ and 𝐸𝐹 = 𝐹𝐸, then 

 
    𝐸௞ + (−1)௞ାଵ𝐹௞ = (𝐸 + 𝐹) ∑ (−1)௜௞ିଵ

௜ୀ଴ 𝐸௞ିଵି௜𝐹௜, 𝑘𝜖𝑁, 𝑘 > 1,            
 

is very useful for next results. First, note that 𝐴௟ = 𝐴௦, where 𝐴 is a k-potent 
matrix and 𝑙 ≡ 𝑠൫𝑚𝑜𝑑(𝑘 − 1)൯. 

 
Theorem 8. [11] Let 𝐴ϵℂ௥

௡×௡ and 𝐵ϵℂ௡×௡ be k-potent matrices, and let 
𝑐ଵ, 𝑐ଶϵℂ ∖ {0}. 

(𝑖) If 𝐴𝐵 = 𝐴௦ , 𝑠ϵ{0, 1, 3, … , 𝑘 − 2}, and 𝑐ଵ
௞ିଵ + (−1)௞𝑐ଶ

௞ିଵ ≠ 0, then 𝑐ଵ𝐴 +

𝑐ଶ𝐵 is nonsingular if and only if 𝐴௞ିଵ + 𝐵൫𝐼௡ − 𝐴௞ିଵ൯ is nonsingular. 
Furthermore,  
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ = 𝐴ଵ − 𝐵௞ିଶ൫𝐼௡ − 𝐴௞ିଵ൯
ଶ

𝐵𝐴௞ିଵ𝐴ଵ +
ଵ

௖మ
𝐵௞ିଶ൫𝐼௡ − 𝐴௞ିଵ൯,    

 

where: 𝐴ଵ =
ଵ

௖భ
ೖషభା(ିଵ)௖మ

ೖషభ ∑ (−1)௜𝑐ଵ
௞ିଶି௜𝑐ଶ

௜ 𝐴௞ିଶି௜ା(௦ିଵ)௜.௞ିଶ
௜ୀ଴  

 
 
(𝑖𝑖) If 𝐴𝐵 = 𝐴ଶ and 𝑐ଵ + 𝑐ଶ ≠ 0, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and only if 
𝐴௞ିଵ + 𝐵൫𝐼௡ − 𝐴௞ିଵ൯ is nonsingular. Furthermore, 
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ =
ଵ

௖భା௖మ
𝐴௞ିଶ −

ଵ

௖భା௖మ
𝐵௞ିଶ൫𝐼௡ − 𝐴௞ିଵ൯

ଶ
𝐵𝐴௞ିଵ𝐴௞ିଶ +

ଵ

௖మ
𝐵௞ିଶ൫𝐼௡ − 𝐴௞ିଵ൯.                     

 
Corollary 2. Let 𝐴ϵℂ௥

௡×௡ and 𝐵ϵℂ௡×௡ be k-potent matrices, and let 𝑐ଵ, 𝑐ଶϵℂ ∖
{0}. 

(𝑖) If 𝐴𝐵 = 𝐴௦ , 𝑠ϵ{0, 1, 3, … , 𝑘 − 2}, and 𝑐ଵ
௞ିଵ + (−1)௞𝑐ଶ

௞ିଵ ≠ 0, then 𝑐ଵ𝐴 +
𝑐ଶ𝐵 is nonsingular if and only if 𝐴 + 𝐵 is nonsingular.  
 
(𝑖𝑖) If 𝐴𝐵 = 𝐴ଶ and 𝑐ଵ + 𝑐ଶ ≠ 0, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and only 
if 𝐴 + 𝐵 is nonsingular. 
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Theorem 9. [11] Let 𝐴ϵℂ௥

௡×௡ and 𝐵ϵℂ௡×௡ be k-potent matrices, and let 
𝑐ଵ, 𝑐ଶϵℂ ∖ {0}.  

 
(𝑖) If 𝐵𝐴 = 𝐴௦ , 𝑠ϵ{0, 1, 3, … , 𝑘 − 2}, and 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0, then 𝑐ଵ𝐴 +

𝑐ଶ𝐵 is nonsingular if and only if 𝐴௞ିଵ + ൫𝐼௡ − 𝐴௞ିଵ൯𝐵 is nonsingular. 
Furthermore, 
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ = 𝐴ଵ − 𝐴ଵ𝐴௞ିଵ𝐵൫𝐼௡ − 𝐴௞ିଵ൯
ଶ

𝐵௞ିଶ +
ଵ

௖మ
൫𝐼௡ − 𝐴௞ିଵ൯𝐵௞ିଶ,        

(6) 

where: 𝐴ଵ =
ଵ

௖భ
ೖషభା(ିଵ)ೖ௖మ

ೖషభ ∑ (−1)௜𝑐ଵ
௞ିଶି௜𝑐ଶ

௜ 𝐴௞ିଶି௜ା(௦ିଵ)௜.௞ିଶ
௜ୀ଴  

 
(𝑖𝑖) If 𝐵𝐴 = 𝐴ଶ and 𝑐ଵ + 𝑐ଶ ≠ 0, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and only 
if 𝐴௞ିଵ + ൫𝐼௡ − 𝐴௞ିଵ൯𝐵 is nonsingular. Furthermore, 
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ =
ଵ

௖భା௖మ
𝐴௞ିଶ −

ଵ

௖భା௖మ
𝐴௞ିଶ𝐴௞ିଵ𝐵൫𝐼௡ − 𝐴௞ିଵ൯

ଶ
𝐵௞ିଶ +

ଵ

௖మ
൫𝐼௡ − 𝐴௞ିଵ൯𝐵௞ିଶ.                             

 
Corollary 3.  Let 𝐴ϵℂ௥

௡×௡ and  𝐵ϵℂ௡×௡ be k-potent matrices, and let 𝑐ଵ, 𝑐ଶϵℂ ∖
{0}.  

 
(𝑖) If 𝐵𝐴 = 𝐴௦ , 𝑠ϵ{0, 1, 3, … , 𝑘 − 2}, and 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0, then 𝑐ଵ𝐴 +

𝑐ଶ𝐵 is nonsingular if and only if 𝐴 + 𝐵 is nonsingular.  
 
(𝑖𝑖) If 𝐵𝐴 = 𝐴ଶ and 𝑐ଵ + 𝑐ଶ ≠ 0, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and only 
if 𝐴 + 𝐵 is nonsingular. 

 
Theorem 10. [11] Let 𝐴ϵℂ௥

௡×௡ and 𝐵ϵℂ௡×௡  be commuting k-potent matrices, 
and let 𝑐ଵ, 𝑐ଶϵℂ ∖ {0}, 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0. Then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if 

and only if 𝐴௞ିଵ + ൫𝐼௡ − 𝐴௞ିଵ൯𝐵 is nonsingular. Furthermore,  
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ =
ଵ

௖భ
ೖషభା(ିଵ)ೖ௖మ

ೖషభ ∑ (−1)௜𝑐ଵ
௞ିଶି௜𝑐ଶ

௜ 𝐴௞ିଶି௜൫𝐴௞ିଵ𝐵൯
௜

+௞ିଶ
௜ୀ଴

ଵ

஼మ
൫𝐼௡ − 𝐴௞ିଵ൯𝐵௞ିଶ.          

 
Corollary 4. [11] Let 𝐴ϵℂ௥

௡×௡ and 𝐵ϵℂ௡×௡  be commuting k-potent matrices, and 
let 𝑐ଵ, 𝑐ଶϵℂ ∖ {0}, 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0. Then, 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is nonsingular if and 

only if 𝐴 + 𝐵 is nonsingular. 
 



INVERTIBILITY OF LINEAR COMBINATIONS OF K-POTENT MATRICES                                                  
58 

 

58 
 

Lemma  1. [11]  Let 𝐴ϵℂ௥
௡×௡ be a k-potent matrix, and let 𝑐ଵ, 𝑐ଶϵℂ, 𝑐ଵ ≠

0, 𝑐ଵ
௞ିଵ + (−1)௞𝑐ଶ

௞ିଵ ≠ 0. Then 𝑐ଵ𝐼௡ + 𝑐ଶ𝐴 is nonsingular and: 
 

 (𝑐ଵ𝐼௡ + 𝑐ଶ𝐴 )ିଵ =
ଵ

௖భ
ೖషభା(ିଵ)ೖ௖మ

ೖషభ ∑ (−1)௜𝑐ଵ
௞ିଶି௜𝑐ଶ

௜ 𝐴௜ +
ଵ

௖భ

௞ିଶ
௜ୀ଴ ൫𝐼௡ − 𝐴௞ିଵ൯.          

 
 

Theorem 11. [11]  Let 𝐴ϵℂ௥
௡×௡ and 𝐵ϵℂ௡×௡  be k-potent matrices, and let 

𝑐ଵ, 𝑐ଶϵℂ ∖ {0}, 𝑐ଵ
௞ିଵ + (−1)௞𝑐ଶ

௞ିଵ ≠ 0. If 𝐴𝐵 = 𝐵 or 𝐵𝐴 = 𝐵, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is 
nonsingular if and only if 𝐴 is nonsingular. Furthermore,  
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵)ିଵ = 𝐴ିଵ(
ଵ

௖భ
ೖషభା(ିଵ)ೖ௖మ

ೖషభ ∑ (−1)௜𝑐ଵ
௞ିଶି௜𝑐ଶ

௜ 𝐵௜ +
ଵ

௖భ

௞ିଶ
௜ୀ଴ ൫𝐼௡ −

𝐵௞ିଵ൯).          
 

Corollary 5.  Let 𝐴ϵℂ௥
௡×௡ and 𝐵ϵℂ௡×௡  be k-potent matrices, and let 𝑐ଵ, 𝑐ଶϵℂ ∖

{0}, 𝑐ଵ
௞ିଵ + (−1)௞𝑐ଶ

௞ିଵ ≠ 0. If 𝐴𝐵 = 𝐵 or 𝐵𝐴 = 𝐵, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 is 
nonsingular if and only if 𝐴 + 𝐵 is nonsingular. 
 

 
3.  INVERTIBILITY OF A LINEAR COMBINATION OF THREE K-
POTENT MATRICES 

 
 

   Now, we study the invertibility of a linear combination of three k-potent 
matrices. 
 
Theorem 12. Let 𝐴ϵℂ௡×௡ and 𝐵, 𝐶ϵℂ௡×௡ be k-potent matrices such that 𝐴𝐵 =
0 = 𝐵𝐴, 𝐴𝐶 = 0 = 𝐶𝐴 and 𝐵𝐶 = 𝐶𝐵, and let 𝑐ଵ, 𝑐ଶ, 𝑐ଷϵℂ ∖ {0} such that  𝑐ଶ

௞ିଵ +
(−1)௞𝑐ଷ

௞ିଵ ≠ 0. Then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if 𝐴௞ିଵ +
(𝐵 + 𝐶)൫𝐼௡ − 𝐴௞ିଵ൯ is nonsingular. Furthermore, 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶)ିଵ = 𝑐ଵ
ିଵ𝐴௞ିଶ + ൣ(𝑐ଶ𝐵 + 𝑐ଷ𝐶)൫𝐼௡ − 𝐴௞ିଵ൯൧

⋕
.           (4) 

 
Proof. Let 𝐴ϵℂ௥

௡×௡ be of the form (1). Since 𝐴𝐵 = 0 = 𝐵𝐴, then B has the form 
(3). Suppose that 𝐶ϵℂ௡×௡ has the next representation: 

𝐶 = 𝑈 ൤
𝐶ଵ 𝐶ଶ

𝐶ଷ 𝐶ସ
൨ 𝑈ିଵ, 

 
where 𝐶ଵϵℂ௥×௥ and 𝐶ସϵℂ(௡ି௥)×(௡ି௥). From 𝐴𝐶 = 0 = 𝐶𝐴, it follows that 𝐶ଵ =
𝐶ଶ = 𝐶ଷ = 0, i.e.    

𝐶 = 𝑈 ൤
0 0
0 𝐶ସ

൨ 𝑈ିଵ, 

where 𝐶ସ𝜖ℂ(௡ି௥)×(௡ି௥) is the k-potent matrix because 𝐶 is the k-potent matrix. 
Now, 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 can be represented as: 
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𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 = 𝑈 ൤
𝑐ଵ𝐾 0

0 𝑐ଶ𝐵ସ + 𝑐ଷ𝐶ସ
൨ 𝑈ିଵ, 

 
where 𝐵ସ, 𝐶ସϵℂ(௡ି௥)×(௡ି௥) are k-potent matrices. Since 𝐵𝐶 = 𝐶𝐵, then 𝐵ସ𝐶ସ =
𝐶ସ𝐵ସ. Based on the invertibility of 𝐾, we conclude that 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 is 
nonsingular if and only if 𝑐ଶ𝐵ସ + 𝑐ଷ𝐶ସ is nonsingular for all constants 
𝑐ଵ, 𝑐ଶ, 𝑐ଷϵℂ ∖ {0}. By Corollary 4, we deduce that 𝑐ଶ𝐵ସ + 𝑐ଷ𝐶ସ is nonsingular if 
and only if 𝐵ସ + 𝐶ସ is nonsingular for all constants 𝑐ଶ, 𝑐ଷϵℂ ∖ {0} such that 
 𝑐ଶ

௞ିଵ + (−1)௞𝑐ଷ
௞ିଵ ≠ 0. Furthermore,  

 

𝐴௞ିଵ + (𝐵 + 𝐶)൫𝐼௡ − 𝐴௞ିଵ൯ = 𝑈 ൤
𝐼௥ 0
0 𝐵ସ + 𝐶ସ

൨. 

 
Thus, the necessary and sufficient condition of the invertibility of 𝑐ଵ𝐴 + 𝑐ଶ𝐵 +

𝑐ଷ𝐶 is invertibility of 𝐴௞ିଵ + (𝐵 + 𝐶)൫𝐼௡ − 𝐴௞ିଵ൯. 
In addition, by direct computation, we get 
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶)ିଵ = 𝑈 ቈ
𝑐ଵ

ିଵ𝐾ିଵ 0

0 (𝑐ଶ𝐵ସ + 𝑐ଷ𝐶ସ)ିଵ቉ 𝑈ିଵ

= 𝑈 ቈ
𝑐ଵ

ିଵ𝐾௞ିଶ 0

0 (𝑐ଶ𝐵ସ + 𝑐ଷ𝐶ସ)ିଵ቉ 𝑈ିଵ. 

 

Note that (𝑐ଶ𝐵 + 𝑐ଷ𝐶)൫𝐼௡ − 𝐴௞ିଵ൯ = 𝑈 ൤
0 0
0 (𝑐ଶ𝐵ସ + 𝑐ଷ𝐶ସ)ିଵ൨ 𝑈ିଵ. 

 
Hence, the formula (4) holds.   
 
Corollary 6.  Let 𝐴ϵℂ௡×௡, and 𝐵, 𝐶ϵℂ௡×௡ be k-potent matrices such that 𝐴𝐵 =
0 = 𝐵𝐴, 𝐴𝐶 = 0 = 𝐶𝐴 and 𝐵𝐶 = 𝐶𝐵,  and let 𝑐ଵ, 𝑐ଶ, 𝑐ଷϵℂ ∖ {0} such that 
 𝑐ଶ

௞ିଵ + (−1)௞𝑐ଷ
௞ିଵ ≠ 0. Then, 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if 

𝐴 + 𝐵 + 𝐶 is nonsingular. 
 
  The next results are proved in [11].  

 
Theorem 13. [11]  Let 𝐴ϵℂ௥

௡×௡ and 𝐵, 𝐶ϵℂ௡×௡ be k-potent matrices such that 
𝐴𝐶 = 0 = 𝐶𝐴 and 𝐵𝐶 = 𝐶𝐵, and let 𝑐ଵ, 𝑐ଶ, 𝑐ଷϵℂ ∖ {0}, 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0. 

 
(𝑖) If 𝐴𝐵 = 𝐴௦ , 𝑠ϵ{0, 1, 3, … , 𝑘 − 2}, and 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0, then 𝑐ଵ𝐴 +

𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if 𝐴௞ିଵ + (𝐵 + 𝐶)൫𝐼௡ − 𝐴௞ିଵ൯ is 
nonsingular. Furthermore,  
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(𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 )ିଵ = 𝐴ଵ −
ଵ

௖మ
ൣ(𝑐ଶ𝐵 + 𝑐ଷ𝐶)൫𝐼௡ − 𝐴௞ିଵ൯൧

⋕
,                   

 
where:  

𝐴ଵ =
1

𝑐ଵ
௞ିଵ + (−1)௞𝑐ଶ

௞ିଵ ෍(−1)௜𝑐ଵ
௞ିଶି௜𝑐ଶ

௜ 𝐴௞ିଶି௜ା(௦ିଵ)௜

௞ିଶ

௜ୀ଴

. 

 
(𝑖𝑖) If 𝐴𝐵 = 𝐴ଶ, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if 𝐴௞ିଵ +
(𝐵 + 𝐶)൫𝐼௡ − 𝐴௞ିଵ൯ is nonsingular. Furthermore,  
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝐶ଷ𝐶)ିଵ =
ଵ

௖భା௖మ
𝐴௞ିଶ −

ଵ

௖మ(௖భା௖మ)
ൣ(𝑐ଶ𝐵 + 𝑐ଷ𝐶)൫𝐼௡ −

𝐴௞ିଵ൯൧
⋕

൫𝐼௡ − 𝐴௞ିଵ൯𝐵𝐴௞ିଵ𝐴௞ିଶ + ൣ(𝐶ଶ𝐵 + 𝐶ଷ𝐶)൫𝐼௡ − 𝐴௞ିଵ൯൧
⋕

.     
 
Corollary 7.   Let 𝐴ϵℂ௥

௡×௡ and 𝐵, 𝐶ϵℂ௡×௡ be k-potent matrices such that 𝐴𝐶 =
0 = 𝐶𝐴 and 𝐵𝐶 = 𝐶𝐵, and let 𝑐ଵ, 𝑐ଶ, 𝑐ଷϵℂ ∖ {0}, 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0. 

 
(𝑖) If 𝐴𝐵 = 𝐴௦ , 𝑠ϵ{0, 1, 3, … , 𝑘 − 2}, and 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0, then 𝑐ଵ𝐴 +

𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if  𝐴 + 𝐵 + 𝐶 is nonsingular.  
 

(𝑖𝑖) If 𝐴𝐵 = 𝐴ଶ, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if 
𝐴 + 𝐵 + 𝐶 is nonsingular.      

 
Theorem 14. [11] Let 𝐴ϵℂ௥

௡×௡ and 𝐵, 𝐶ϵℂ௡×௡ be k-potent matrices such that 
𝐴𝐶 = 0 = 𝐶𝐴, and let 𝑐ଵ, 𝑐ଶ, 𝑐ଷϵℂ ∖ {0}, 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0. If 𝐴𝐵 = 𝐵 or 

𝐵𝐴 = 𝐵, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if 𝐴௞ିଵ +

𝐶൫𝐼௡ − 𝐴௞ିଵ൯ is nonsingular. Furthermore, 
 

(𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶)ିଵ = 𝐴௞ିଶ ቀ
ଵ

௖భ
ೖషభା(ିଵ)ೖ௖మ

ೖషభ ∑ (−1)௜𝑐ଵ
௞ିଶି௜𝑐ଶ

௜ 𝐵௜ +௞ିଶ
௜ୀ଴

ଵ

௖భ
൫𝐼௡ − 𝐵௞ିଵ൯ቁ +

ଵ

௖య
𝐶௞ିଶ.                              

 
Corollary 8.  Let Let 𝐴ϵℂ௥

௡×௡ and 𝐵, 𝐶ϵℂ௡×௡ be k-potent matrices such that 
𝐴𝐶 = 0 = 𝐶𝐴, and let 𝑐ଵ, 𝑐ଶ, 𝑐ଷϵℂ ∖ {0}, 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0. If 𝐴𝐵 = 𝐵 or 

𝐵𝐴 = 𝐵, then 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if 𝐴 + 𝐵 + 𝐶 is 
nonsingular. 
 
Theorem 15. [11]  Let 𝐴ϵℂ௥

௡×௡ and 𝐵, 𝐶ϵℂ௡×௡ be commuting k-potent matrices 
such that 𝐴𝐶 = 0 = 𝐶𝐴, and let 𝑐ଵ, 𝑐ଶ, 𝑐ଷϵℂ ∖ {0}, 𝑐ଵ

௞ିଵ + (−1)௞𝑐ଶ
௞ିଵ ≠ 0, and 

𝑐ଶ
௞ିଵ + (−1)௞𝑐ଷ

௞ିଵ ≠ 0. Then, 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if 
𝐴௞ିଵ + ൫𝐼௡ − 𝐴௞ିଵ൯(𝐵 + 𝐶) is nonsingular. Furthermore,  
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(𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶)ିଵ =
ଵ

௖భ
ೖషభା(ିଵ)ೖ௖మ

ೖషభ ∑ (−1)௜𝑐ଵ
௞ିଶି௜𝑐ଶ

௜ 𝐴௞ିଶି௜൫𝐴௞ିଵ𝐵൯
௜

+
ଵ

௖మ
൫𝐼௡ −௞ିଶ

௜ୀ଴

𝐴௞ିଵ൯ 𝐵௞ିଶ + ൣ(𝑐ଶ𝐵 + 𝑐ଷ𝐶)൫𝐼௡ − 𝐴௞ିଵ൯൧
⋕

.            
 

Corollary 9.  Let 𝐴ϵℂ௥
௡×௡ and 𝐵, 𝐶ϵℂ௡×௡ be commuting k-potent matrices such 

that 𝐴𝐶 = 0 = 𝐶𝐴, and let 𝑐ଵ, 𝑐ଶ, 𝑐ଷϵℂ ∖ {0}, 𝑐ଵ
௞ିଵ + (−1)௞𝑐ଶ

௞ିଵ ≠ 0, and 
𝑐ଶ

௞ିଵ + (−1)௞𝑐ଷ
௞ିଵ ≠ 0. Then, 𝑐ଵ𝐴 + 𝑐ଶ𝐵 + 𝑐ଷ𝐶 is nonsingular if and only if  

𝐴 + 𝐵 + 𝐶 is nonsingular. 
 
 
4. CONCLUSIONS 
 

The paper provided investigations of the invertibility of linear combinations 
of k-potent complex matrices. Several new properties of the invertibility of k-
potent matrices are identtified. Furthermore, some results in the literature are 
restablished. The most important conclusion is that the invertibility of the 
linear combination of k-potent matrices is equivalent to the invertibility of the 
sum of given matrices. Thus, the invertibility of the linear combination of two 
or three k-potent matrices is independent of the choice of the nonzero complex 
constants. 
 
 

References  
 

[1] O. M. Baksalary, G. Trenkler, On k-potent matrices, Electronic. J. Linear 
Algebra, 26, International Linear Algebra Society-British Columbia, (2013), 446-
470. 
[2] A. Ben-Israel, T.N.E. Greville, Generalized Inverses: Theory and 
Applications, 2nd ed., Springer, New York, 2003. 
[3] J. Benítez, X. Liu, T. Zhu, Nonsingularity and group invertibility of linear 
combination of two k-potent matrices, Linear Multilinear Algebra, 58, Abingdon, 
(2010), 1023-1035.  
[4] J. Benítez, N. Thome, {k}-Group Periodic Matrices, SIAM J. Matrix Anal. 
Appl. 28, Philadelphia, (2006), 9-25. 
[5] R. Huang, J. Liu, L. Zhu, A structural characterization of real k-potent 
matrices, Linear Multilinear Algebra, 59, Abingdon, (2011), 433–439. 
[6] Z. Huang, H. Lin, On k-idempotent 0–1 matrices, Linear Algebra Appl., 597, 
(2020), 187–197. 
[7] A.M. Mathai, S.B. Provost, Quadratic Forms in Random Variables: Theory 
and Applications, Dekker, 1992. 
[8] J. P. Mc Closkey, Characterizations of r-potent matrices, Math. Proc. Camb. 
Phil. Soc., 96, Oxford, (1984), 213–222. 



INVERTIBILITY OF LINEAR COMBINATIONS OF K-POTENT MATRICES                                                  
62 

 

62 
 

[9] J. P. Mc Closkey, Properties of normal r-potent matrices, Linear Multilinear 
Algebra, 17, Abingdon, (1985), 325–336. 
[10] C.R. Rao, S.K. Mitra, Generalized Inverse of Matrices and Its Applications, 
Wiley, 1971. 
[11] М. Tošić, Е. Ljajko,N. Kontrec, V. Stojanović, The Nullity, Rank, and 
Invertibility of Linear Combinations of k-Potent Matrices, Mathematics, 8 (12), 
Basel (2020), 2147. 

 
Faculty of  Sciences and Mathematics, Department of Mathematics, University 
of Priština in Kosovska Mitrovica, Lole Ribara 29, 38220 Kosovska Mitrovica, 
Republic of Serbia  
E-mail address: marina.tosic@pr.ac.rs 
Faculty of  Sciences and Mathematics, Department of Mathematics, University 
of Priština in Kosovska Mitrovica, Lole Ribara 29, 38220 Kosovska Mitrovica, 
Republic of Serbia  
E-mail address: jelena.vujakovic@pr.ac.rs 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 


