ISBN 978-608-4904-04-5(eneKkTpoOHCKO U3gaHune)
ISBN 978-608-4904-03-8(nevateHo n3gaHue)

UDC: 519.612/.613
INVERTIBILITY OF LINEAR COMBINATIONS OF K-POTENT
MATRICES

Marina Tosi¢, Jelena Vujakovic¢

Abstract. We study the problem of the invertibility of linear combinations of two or three
k-potent matrices under various conditions. In these cases, we give explicit formulae of
their inverses.

1. INTRODUCTION

Let C™ ™ denote the set of all m X n complex matrices. Specially, let C™*™
denote the set of all n X n square complex matrices. The symbols R(A) and N (A)
denote the range (column space) and the null space of a matrix A4, respectively,
while (A) is rank of A. C™**™ is symbol of the set of all n X n matrices with rank
r. Also, I, denotes the identity matrix of order n. We say that integers k and [ are
congruent modulo the positive integer m, and we use notation k = [ (mod m), if
m divide k — L.

In this paper, we deal with k-potent matrices, where k is a positive integer greater
than one. This type of matrices is defined as follows.

Definition 1. ([4]) 4 matrix AeC™V™ is k-potent if A¥ = A, where k is a positive
integer greater than one.

Any k-potent matrix is group invertible. For AeC™*™, the group inverse of A is
the unique, if it exists (see [2]), matrix A*eC™ ™ such that:

A = AA¥A At = AMAAY AAY = ARA.
Thus, if AeC™™ is a k-potent matrix, then A* = Ak~2,

The research dealing with k-potent matrices is quite extensive (see [1], [4]-[6],
[8], [9]) because they have a wide application, for example in statistics (see [7],
[10]). A particularly interesting research topic related to k-potent matrices is the
invertibility of a linear combination of k-potent matrices. In this paper, we study
the invertibility of linear combinations ¢;A + ¢, B and ¢;A + ¢, B + c3C, where
A, B, C are k-potent matrices and ¢4, ¢,, c3 are nonzero complex numbers. Also,
we give some formulae for (c;A + ¢;B)™! and (c;A + ;B + ¢3C) ™! under
various conditions.
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2. INVERTIBILITY OF A LINEAR COMBINATION OF TWO K-
POTENT MATRICES

Recently, there has been interest in investigating the invertibility of a linear
combination of two k-potent matrices. In [3], J. Benitez, X. Liu and T. Zhu proved
the following results.

Theorem 1. [3] Let A, BeC™™ be two k-potent matrices such that A¥"1B =
B*=1A or BA¥=' = AB*=1, If a linear combination d,A + d,B is nonsingular
for some d,d,€C \ {0} satisfying d; + d, # 0, then c;A + c,B is nonsingular
for all ¢y, c,€C \ {0} satisfying ¢, + ¢, # 0.

Theorem 2. [3] Let A, BeC™™ be two k-potent matrices such that I,, — AX=1B*=2
is nonsingular. If there exist c1,c,€C \ {0} such c;A + ¢, B is nonsingular, then
A — B is also nonsingular.

Theorem 3. [3] Let A,BeC™™ be two commuting k-potent matrices. If there
exists aeC \ {0} such that A + aB is nonsingular, then c;A + c,B and c,1,, +
c,AB are nonsingular for all cq, c,€C \ {0} with _C—Cl ¢ “V1.

2

Theorem 4. [3] Let A, BeC™™ be two k-potent matrices, and let c,,c,€C \ {0}.
Then the following statements are equivalent:

(i) c;AB*=1 + ¢,BA¥~1 is nonsingular.

(ii) c;B¥1A + ¢, A¥"1B is nonsingular.

(iii) c;A + ¢, B and I, — A*~* — BX~ are nonsingular.

Theorem 5. [3] Let A, BeC™™ be two k-potent matrices such that A¥"1B =
B*=1A, and let c;,c,€C \ {0}. If A or B are nonsingular, then c;A + c;B are
nonsingular if and only if c; + ¢, # 0. In this case,
(i) If A is nonsingular, then
(c1+ c)(c1A+ c;B)™ Y = A7 + cye*AY (1, — BFY).
(i) If B is nonsingular, then
(c1+ c)(c1A+ c;B) = B~  + ¢y c5* B7Y(1, — A1),
Theorem 6. [3] Let A, BeC™™ be two k-potent matrices such that AB = 0, and

let ¢q,c,€C\ {0}. Then N(c;A+c;B)=N(A+B) and R(c;A+c,B) =
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R(A + B). In particular, c;A+ c,B is nonsingular if and only if A+ B is
nonsingular, and in this case, we have

(ctA+cB) P =ci " (A+B) ™ + (51 — g HB*2(1, — Ak 1),

However, the invertibility of a linear combination can be studied under other
conditions.
Let A,BeC™™ be two k-potent matrices for some natural k > 1. Since
AeC™™ r(A) = r is k-potent, this matrix can be written as:

_g[K 0];-1
a=uly JJu )
where UeC™" is nonsingular, K = diag(Ay, ..., 4,), AX" P =1fori=1,..,r.

Obviously, KeC™" is nonsingular and K*~! = I... Furthermore, we can write

BeC™ ™ as follows:
_[B1 Bz2];,-1
B=U [33 B4] v )

where B; = €™ and B,eC—")x(n-7),

Theorem 7. Let AcC*™ and BeC™ ™ be k-potent matrices such that AB = 0 =
BA, and let c;, c2€C \ {0}. Then c;A + c,B is nonsingular if and only if A¥~1 +
(In - Ak_l)B is nonsingular. Furthermore,

(c1A+ c3B)™t = c7 AR 2 + 7 1(1, — Ak-1)Bk-2,

Proof. Let AeC™™ be of the form (1). Since AB = 0 = BA, then B has the form:

B=U [8 34] U1, 3)

where B,eCM="x(=7) From B¥ = B, it follows that BY = B,, i.e. B, is k-potent.
In addition,
K 0

C1A+CZB=U[O CzB4

=

Based on the invertibility of K, we conclude that c; A + ¢, B is nonsingular if and
only if B, is nonsingular. Since

- _ I, 07, _
AR 4 (1, — AF 1)B=U[OT B4]U L

we have that c;A + ¢, B is nonsingular if and only if A*~1 + (In - Ak_l)B is
nonsingular. Furthermore,
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U—l

—lK—l 0 —1Kk—2 0
(c,A+c,B) 1 =U [Cl ul=y|?

0 c; 1Byt 0 c; 1BK2
=i A2 4 o (L, - AFY)BRE O

Corollary 1. Let AeC**™ and BeC™™ be k-potent matrices such that AB = 0 =
BA, and let ¢4, c,€C \ {0}. Then, c;A + ¢, B is nonsingular if and only if A+ B
is nonsingular.

Beside forms (1) and (2), the following fact: If E, FEC™"™ and EF = FE, then
E¥ + (-1D)**Fk = (E + F) Y- (1)  EF"1IF! keN, k > 1,

is very useful for next results. First, note that A' = AS, where A is a k-potent
matrix and [ = s(mod(k — 1)).

Theorem 8. [11] Let AeC™ and BeC™ ™ be k-potent matrices, and let
c1,Cc2€C \ {0}.
() IfAB = A5,5€{0,1,3, ...,k — 2}, and c¥=* + (=1)kck=1 % 0, then c;A +
c,B is nonsingular if and only if Ak! +B(In —Ak_l) is nonsingular.
Furthermore,

(c1A+;B)™" = Ay — B¥2(I, — A1) BAF Ay + 2 BK2(I, — A1),
2

. — 1 k-2 i k=210 gk—2—i+(s—1)i
where: A; = WZi:o (=1D)'c ;A (s—1)i
1 2

(i) If AB = A% and ¢, + ¢, # 0, then c;A + ¢, B is nonsingular if and only if
A1+ B (In - Ak_l) is nonsingular. Furthermore,

(1A +cB)t = k=2 - 1 _pk=2(] _ gk=1)?pgk-1gk-2 |

ci1tcy ci1tcy

—B (I, — A7),

Corollary 2. Let AeCH™ and BeC™*™ be k-potent matrices, and let cy,c,€C \
{03.
() IfAB = A5,5€{0,1,3, ...,k — 2}, and c¥™* + (=1)kck=1 + 0, then c; A +
¢y B is nonsingular if and only if A + B is nonsingular.

(i) If AB = A% and ¢, + ¢, # 0, then c; A + c,B is nonsingular if and only
if A + B is nonsingular.

56



INVERTIBILITY OF LINEAR COMBINATIONS OF K-POTENT MATRICES
57

Theorem 9. [11] Let AeC™ and BeC™ ™ be k-potent matrices, and let
1, c2€C \ {0}.

(i) IfBA = A5,5€{0,1,3, ...,k — 2}, and c¥™* + (=1)kck=1 = 0, then c; A +
c,B is nonsingular if and only if A¥~1 + (In —Ak_l)B is nonsingular.
Furthermore,

(LA +zB) ™" = Ay — A A B (1, — A1) BR2 + 1 (I, — AF1)BF2,
2
(6)

1 _ L
where: Ay = WZ?:OZ(_l)LC:{( 2-ich Ak—2-iH (-1,
(ii) IfBA = A?% and c1 + ¢y, # 0, then ¢, A + ¢, B is nonsingular if and only

if A1 4 (In - Ak_l)B is nonsingular. Furthermore,

L pk-2 _ ;Ak—zAk—lB(In _ Ak—l)sz—Z +

ci1tcy ci1tcy

= (I — A1)B*2,

(ClA + CzB)_l =

Corollary 3. Let AeCH™ and BeC™ ™ be k-potent matrices, and let c1,c,€C \

{0}.

(i) IfBA = A%,5€{0,1,3, ...,k — 2}, and c¥=* + (=1)kck=1 % 0, then c; A +
¢y B is nonsingular if and only if A + B is nonsingular.

(ii) IfBA = A% and ¢, + ¢, # 0, then c; A + c,B is nonsingular if and only
if A+ B is nonsingular.

Theorem 10. [11] Let AeC**™ and BeC™™ be commuting k-potent matrices,
and let ¢;, cy€C \ {0}, c¥~1 + (=1)kck=1 = 0. Then c; A + c,B is nonsingular if
and only if A~ + (In - Ak_l)B is nonsingular. Furthermore,

_ 1 k-2 | k—2—i i gk—2—i( 1k—-1p)!

o (1 — A 1)Br2,

(c1A+c,B)71

Corollary 4. [11] Let AeC}*™ and BeC™™ be commuting k-potent matrices, and
let ¢y, c€C \ {0}, ¢k~ + (—=1)kck=1 # 0. Then, ¢, A + ¢, B is nonsingular if and
only if A + B is nonsingular.
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Lemma 1. [11] Let AeC™™ be a k-potent matrix, and let c,,c,€C,cq #
0,ck=t + (=1)*ck=t £ 0. Then c;1,, + c, A is nonsingular and:
1

— — [ k—=2—i i ai 1 -
(c1In+cA)™ = WZ{LOZ(—DLC{‘ oA+ (- A,

Theorem 11. [11] Let AeCH™ and BeC™™ be k-potent matrices, and let
c1,c2€C\ {0}, ¢k~ + (—=1)*¥c¥~1 # 0.IfAB = B or BA = B, then c;A + c,B is
nonsingular if and only if A is nonsingular. Furthermore,

_ _ 1 _ . o s 1
(ctA+c;B)" 1 =4 1(W2?=02(—1)lcf 27leyB + C_l(ln -
Bk_l)).

Corollary 5. Let AeC}*™ and BeC™™ be k-potent matrices, and let c1,c,€C \
{0}, ck"t + (=D)*ck¥"*+0. If AB=B or BA=B,then c;A+c,B is
nonsingular if and only if A + B is nonsingular.

3. INVERTIBILITY OF A LINEAR COMBINATION OF THREE K-
POTENT MATRICES

Now, we study the invertibility of a linear combination of three k-potent
matrices.

Theorem 12. Let AeC™*™ and B, CeC™™ be k-potent matrices such that AB =
0 =BA,AC = 0 = CAand BC = CB, and let c;, c3, c3€C \ {0} such that c¥~* +
(—1D)*ck=r # 0. Then c;A + c,B + c3C is nonsingular if and only if A¥=1 +
(B+0C) (In - Ak_l) is nonsingular. Furthermore,

(1A + ¢3B + c30)7™1 = c7LAR2 4 [(c,B + ¢5C) (I, — A4 1)]". @)

Proof. Let AeC**™ be of the form (1). Since AB = 0 = BA, then B has the form
(3). Suppose that CeC™™ has the next representation:

_ a6 Cel,,-q
C‘”[cg 64]” '

where C;eC™" and C,eC*™=") From AC = 0 = CA, it follows that C; =
CZ == C3 - O, le

0 07, _,
0 U

where C,eC*®™=7) jg the k-potent matrix because C is the k-potent matrix.
Now, ¢4 + ¢, B + ¢3C can be represented as:

C=U[
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K 0
clA+c,B+csC=U|" ] -1

0 By +c3C,

where By, C,eC™*@™=7) are k-potent matrices. Since BC = CB, then B,C, =
C4B,. Based on the invertibility of K, we conclude that c;A + ¢, B + ¢3C is
nonsingular if and only if c,B, + c3C, is nonsingular for all constants
¢1, €3, c3€C \ {0}. By Corollary 4, we deduce that c,B, + c3C, is nonsingular if
and only if B, + C, is nonsingular for all constants c;,c3€C \ {0} such that
c¥~t + (=1)*c¥~t # 0. Furthermore,

I 0
k-1 _ k-1 — T
AL+ (B +0) (I, — A¥ 1) U[O B4+C4]'
Thus, the necessary and sufficient condition of the invertibility of c;4 + c,B +
c5C is invertibility of A¥~1 + (B + C)(I, — A¥™1).
In addition, by direct computation, we get

iK™t 0
ctA+c,B+c;0)1=U|" Ut
(e 2 :C) [ 0 (c2By 4 c3C4) 71
_u cr1Kk2 0 y-1
0 (c3By +¢5Cy)7 1
0 0
_ k-1 — -1
Note that (c,B + c3C)(In A ) U [0 (c,B, + 6364)‘1] u—.

Hence, the formula (4) holds. [J

Corollary 6. Let AcC™™, and B, CeC™™ be k-potent matrices such that AB =
0=BA, AC=0=CA and BC = CB, and let c,,c,, c3€C\ {0} such that
c¥ 1+ (=D*ck"1 £ 0. Then, c;A + c3B + c5C is nonsingular if and only if
A + B + C is nonsingular.

The next results are proved in [11].

Theorem 13. [11] Let AeC™™ and B, CeC™ ™ be k-potent matrices such that
AC =0 = CAand BC = CB, and let ¢y, c5,c3€C \ {0}, X1 + (=1)kck1 = 0.

() IfAB = A5,5€{0,1,3, ...,k — 2}, and c¥=* + (=1)kck=1 % 0, then c;A +

¢,B + ¢3C is nonsingular if and only if A*"'+ (B + C)(I, — A1) is
nonsingular. Furthermore,
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(CIA + CzB + C3C )_1 = Al - C_lz [(CZB + C3C)(In - Ak_l)]#’

where:
A - 1
Tkl (ke

k-2
ik=2-i_.1 gk—2—-i+(s—-1)i
2 =0

(ii) If AB = A?, then c;A + c3B + c5C is nonsingular if and only if A¥~1 +
(B+0) (In - Ak_l) is nonsingular. Furthermore,

(cLA+ B+ C5C) L= —— A2 - —2_[(c;B + c30) (I —

C1tC2 ca(c1+cr)

A (1, — A 1)BAK1A2 4 [(C,B + C3C) (I, — A1),

Corollary 7. Let AeC*™ and B, CeC™™ be k-potent matrices such that AC =
0 = CA and BC = CB, and let ¢y, 3, c3€C \ {0}, k™1 + (—=1)kck=1 = 0.

() IfAB = A5,5€{0,1,3, ...,k — 2}, and c¥=* + (=1)kck=1 # 0, then c;A +
¢y B + c3C is nonsingular if and only if A + B + C is nonsingular.

(i) IfAB = A2, then c;A + c,B + ¢5C is nonsingular if and only if
A + B + C is nonsingular.

Theorem 14. [11] Let AeC**™ and B, CeC™™ be k-potent matrices such that
AC = 0 = CA, and let c1,cy,c3€C\ {0}, ¥ + (=1)kck"1 0. IfAB =B or
BA =B, then c;A+ c,B+c3C is nonsingular if and only if AF1+
C (In - Ak_l) is nonsingular. Furthermore,

i . . ) o
(LA + ¢, B + c5C)~1 = A¥ Z(Wzi‘:é(—l)‘d‘ 2y B +

= (=B 1)) + - ck 2,

Corollary 8. Let Let AcC¥™ and B, CeC™™ be k-potent matrices such that
AC = 0 = CA, and let c1,c5,c3€C\ {0}, ¥ + (=1)kck"1 0. IfAB =B or
BA = B, then c1A+ c3,B + c3C is nonsingular if and only if A+ B+ C is
nonsingular.

Theorem 15. [11] Let AeC**™ and B, CeC™™ be commuting k-potent matrices
such that AC = 0 = CA, and let ¢;,c,,c3€C \ {0}, ¥t + (=1)*ck~1 % 0, and
c¥ 1+ (=D*ck"1 # 0. Then, c;A + c,B + c3C is nonsingular if and only if
AR 4 (In - Ak_l)(B + C) is nonsingular. Furthermore,
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(ClA + CzB + C3C)_1 =
1 k- D i 0 Ak—D—i _ i 1
TR imo (FD e e AN "(A1B) + (I -

AR1) B2 4 [(¢,B + ;) (I, — A 1)]".

Corollary 9. Let AeC¥*™ and B, CeC™™ be commuting k-potent matrices such
that AC =0 = CA, and let c;,cy,c3€C\ {0}, cF~t + (=D)*ck 1+ 0, and
c¥ 1+ (=D*ck™1 # 0. Then, c;A + c,B + c3C is nonsingular if and only if
A + B + C is nonsingular.

4. CONCLUSIONS

The paper provided investigations of the invertibility of linear combinations
of k-potent complex matrices. Several new properties of the invertibility of k-
potent matrices are identtified. Furthermore, some results in the literature are
restablished. The most important conclusion is that the invertibility of the
linear combination of k-potent matrices is equivalent to the invertibility of the
sum of given matrices. Thus, the invertibility of the linear combination of two
or three k-potent matrices is independent of the choice of the nonzero complex
constants.
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