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Abstract. This paper is devoted to the study of spherical curves in Euclidean 
three-dimensional space using the theory of infinitesimal bending. Some 
interesting infinitesimal bending fields are obtained and discussed. In 
particular, the infinitesimal bending of a spherical curve such that all bent 
curves are approximately on the initial sphere (with a given precision) is 
studied. Some examples are analyzed and graphically presented. 

 

 
1. INTRODUCTION  

 
      A spherical curve is a curve traced on a sphere. The curvature-to-torsion 
ratio completely describes a spherical curve in the sense that certain relations 
between curvature and torsion are necessary and sufficient for the space curve 
to lie on the sphere.  
     Deformations of spherical curves represent an interesting field of research. 
Some of the recent results in this regard are in the papers [3], [4], [6], [14]. A 
special type of small deformation is the so-called infinitesimal bending. A 
concept of infinitesimal bending first appeared in the description of the 
deformation of surfaces in three-dimensional Euclidean space, and then further 
extended to the curves and the manifolds. The theory of infinitesimal bending 
deals with vector fields and quantities associated with them, defined at the 
points of observed geometric objects and satisfying deformation equations. 
Under infinitesimal bending, the length of the arc is invariant with appropriate 
precision. In other words, in the initial moment of a deformation, the arc length 
is stationary, i.e. the initial velocity of its change is zero. Some papers related to 
infinitesimal bending of curves, knots and surfaces are [1], [2], [5], [7-14]. In 
this paper, we pay attention to spherical curves and their behavior during this 
type of deformation. 
     The paper is organized as follows: In Sec. 2 preliminary results and notation 
regarding infinitesimal bending of curves are presented. In Sec. 3 spherical 
curves and corresponding infinitesimal bending fields are studied. We suppose 
that the curves suffer a small deformation such that they remain on the same 
sphere with a given precision. In Sec. 4 and Sec. 5, respectively, Viviani’s curve  
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and spherical curve with constant slope (spherical helix) are discussed both 
analytically and graphically. 
 
2. INFINITESIMAL BENDING  

 
Let us consider a regular curve 

𝐶: 𝐫 = 𝐫(𝑡),   𝑡 ∈ 𝐽 ⊆ ℝଷ                                                                       (1) 
of a class 𝐶௞, 𝑘 ≥ 3, included in a family of the curves 

𝐶ఢ: 𝐫ఢ(𝑡) = 𝐫(𝑡) + 𝜖𝐳(𝑡)                                                                       (2) 
where 𝜖 ≥ 0, 𝜖 → 0, and we get 𝐶 for 𝜖 = 0 (𝐶 = 𝐶଴).  
 
Definition 1. A continuous one-parameter family of curves 𝐶ఢ, given by Eq. (2), 
is called an infinitesimal deformation of the curve 𝐶, given by Eq. (1).  A field 
 𝒛(𝑡) ∈ 𝐶௞ , 𝑘 ≥ 3,  is a vector function defined in the points of 𝐶 called a 
deformation field. 
  
Definition 2. [2] An infinitesimal deformation 𝐶ఢ is an infinitesimal bending of 
the curve 𝐶  if 

𝑑𝑠ఢ
ଶ − 𝑑𝑠ଶ = 𝑜(𝜖).                                                                               (3) 

The field 𝐳(𝑡) is the infinitesimal bending field of the curve 𝐶. 
 
According to Def. 2, the next theorem states. 
 
Theorem 1. [2] Necessary and sufficient condition for the curves 𝐶ఢ to be 
infinitesimal bending of the curve 𝐶 is to be valid  

𝑑𝐫 ∙ 𝑑𝐳 = 0.                                                                                           (4) 
 
    If infinitesimal bending is reduced to rigid motion of the curve, without 
internal deformations, we say it is trivial infinitesimal bending. The 
corresponding bending field is also called trivial. 
     Based on [11] we have the following theorem. 
 
Theorem 2. Under infinitesimal bending of curves each line element gets non-
negative addition, which is the infinitesimal value of the order higher than the 
first with respect to 𝜖, i. e. 

𝑑𝑠ఢ − 𝑑𝑠 ≥ 𝑜(𝜖). 
 
   The following theorem is related to determination of the infinitesimal bending 
field of a curve 𝐶. 
     
Theorem 3. [12] The infinitesimal bending field for the curve 𝐶is 

𝐳(𝑡) = ∫ [𝑝(𝑡)𝐧ଵ(𝑡) + 𝑞(𝑡)𝒏ଶ(𝑡)] 𝑑𝑡,                                                 (5) 
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where 𝑝(𝑡) and 𝑞(𝑡) are arbitrary integrable functions, and vectors 𝐧ଵ(𝑡) and 
𝐧ଶ(𝑡) are respectively unit principal normal and binormal vector fields of the 
curve 𝐶. 
 
3. SPHERICAL CURVES UNDER INFINITESIMAL BENDING  
 
     Let  
𝐶: 𝐫(𝑡) = (𝑎 cos 𝑢(𝑡) cos 𝑣(𝑡) , 𝑎 sin 𝑢(𝑡) cos 𝑣(𝑡) , 𝑎 sin 𝑣(𝑡))                     (6) 
be a spherical curve on the sphere 

𝑆: 𝐫(𝑢, 𝑣) = (𝑎 cos 𝑢 cos 𝑣 , 𝑎 sin 𝑢 cos 𝑣 , 𝑎 sin 𝑣), 
with radius 𝑎 and 

𝐶ఢ:  𝐫ఢ(𝑡) = 𝐫(𝑡) + 𝜖𝐳(𝑡) 
be an infinitesimal deformation of 𝐶, where 𝐳(𝑡) is a deformation field. The 
following theorem gives the explicit expression for the field 𝐳(𝑡) to be 
infinitesimal bending field for the spherical curve 𝐶. 

 
Theorem 4. Let  𝐳(𝑡) = (𝑧ଵ(𝑡), 𝑧ଶ(𝑡),𝑧ଷ(𝑡)) be the vector field such that 

𝑧ଵ(𝑡) = න cos 𝑢 (𝑡) cos 𝑣(𝑡) 𝑑𝑡 + 𝑐ଵ,   

𝑧ଶ(𝑡) = ∫ sin 𝑢(𝑡) cos 𝑣(𝑡)𝑑𝑡 + 𝑐ଶ,                                                     (7) 

𝑧ଷ(𝑡) = න sin 𝑣(𝑡)𝑑𝑡 + 𝑐ଷ, 

𝑐ଵ, 𝑐ଶ, 𝑐ଷ are constants. Then 𝐳(𝑡) is the infinitesimal bending field for the 
spherical curve 𝐶 given by Eq. (6). 
Proof. We have 

𝐫̇(𝑡) = ቐ

−𝑎𝑢̇(𝑡) sin 𝑢(𝑡) cos 𝑣(𝑡) − 𝑎𝑣̇(𝑡) cos 𝑢(𝑡) sin 𝑣(𝑡)

𝑎𝑢̇(𝑡) cos 𝑢(𝑡) cos 𝑣(𝑡) − 𝑎𝑣̇(𝑡) sin 𝑢(𝑡) sin 𝑣(𝑡)

𝑎𝑣̇(𝑡) cos 𝑣(𝑡)
 

and  
𝐳̇(𝑡) = (cos 𝑢 (𝑡) cos 𝑣(𝑡) , sin 𝑢(𝑡) cos 𝑣(𝑡), sin 𝑣(𝑡)), 

where ‘dot’ denotes derivative with respect to 𝑡. From the previous two 
equations we obtain 𝐫̇ ∙ 𝐳̇ = 0, which means that 𝐳 is infinitesimal bending field.     
                                                                                                                             ∎ 
 
     Note that the previous equations do not determine all infinitesimal bending 
fields of the spherical curve 𝐶. If   𝐳(𝑡) = (𝑧ଵ(𝑡), 𝑧ଶ(𝑡),𝑧ଷ(𝑡)), where 
𝑧ଵ(𝑡), 𝑧ଶ(𝑡), 𝑧ଷ(𝑡) are arbitrary real continuous differentiable functions, then 𝐳 
can be determined from the following equation 

(−𝑎𝑢̇(𝑡) sin 𝑢(𝑡) cos 𝑣(𝑡)
− 𝑎𝑣̇(𝑡) cos 𝑢(𝑡) sin 𝑣(𝑡))𝑧ଵ̇ + (𝑎𝑢̇(𝑡) cos 𝑢(𝑡) cos 𝑣(𝑡)
− 𝑎𝑣̇(𝑡) sin 𝑢(𝑡) sin 𝑣(𝑡))𝑧ଶ̇ + 𝑎𝑣̇(𝑡) cos 𝑣(𝑡) 𝑧ଷ̇ = 0, 



DEFORMED SPHERICAL CURVES                                                   46 
 

46 
 

which has many solutions. Our field is obtained having in mind that ห|𝐫|ห
ଶ

=

𝑎ଶ → 2𝐫 ∙ 𝐫̇ = 0 and we put 𝐳̇ =
ଵ

௔
𝐫. 

 
     We posed the question whether it is possible to infinitesimally bend the 
spherical curve so that all bent curves are on the initial sphere. Regarding that 
we have the following theorem. 
 
Theorem 5. [14] Let 𝐶: 𝐫: (𝑡ଵ, 𝑡ଶ) → ℝଷ be a curve on the sphere 𝑆. It does not 
exist nontrivial vector field 𝐳(𝑡) so that the family of curves  

𝐶ఢ:  𝐫ఢ(𝑡) = 𝐫(𝑡) + 𝜖𝐳(𝑡) 
belongs to the sphere 𝑆. 
 
     Further, we are weakening the previous condition by requiring that the bent 
curves lie on a given sphere with a predetermined precision. Precisely, let us 
determine an infinitesimal bending field so that all bent spherical curves are 
on the initial sphere with a given precision, i.e. let be valid 

𝐹൫𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)൯ = 0, 

𝐹(𝑥ఢ(𝑡), 𝑦ఢ(𝑡), 𝑧ఢ(𝑡)) = 𝑜(𝜖), 
where 𝐹(𝑥, 𝑦, 𝑧) = 0 is the implicit sphere equation in Cartesian coordinates 
𝑥, 𝑦, 𝑧 and 𝑜(𝜖) is an infinitesimal of at least second order with respect to 𝜖. In 
connection with that we have the following theorem. 
 
Theorem 6. Necessary and sufficient condition for the infinitesimal 
deformation of the spherical curve 𝐶 to be on the sphere 𝑆 with a given 
precision is that the field z satisfies the condition  

𝐫 ∙ 𝐳 = 0.                                                                                                  (8) 
 Proof. A vector equation of a sphere 𝑆 of radius 𝑎 is  

||𝐫||ଶ = 𝑎ଶ, 
𝐫 is the position vector of an arbitrary point on 𝑆. Let 𝐳 be deformation field 
which given spherical curve leaves on the initial sphere with a given precision, 
i.e. let the following condition be valid 

||𝐫ఢ||ଶ = 𝑎ଶ + 𝑜(𝜖), 
where 𝑜(𝜖) is an infinitesimal of at least second order with respect to 𝜖. Since 
𝐫ఢ = 𝐫 + 𝜖𝐳, the previous equation reduces to 

||𝐫 + 𝜖𝐳||ଶ = 𝑎ଶ + 𝑜(𝜖), 
wherefrom we obtain 

||𝐫||ଶ + 2𝜖𝐫 ∙ 𝐳 + 𝜖ଶ||𝐳||ଶ = 𝑎ଶ + 𝑜(𝜖) 
which leads to Eq. (8).                                                                                       ∎ 
 
     In the case of the sphere it is easy to see that the unit normal 𝛎(𝑢, 𝑣) satisfies 

𝛎(𝑢, 𝑣) =
ଵ

௔
𝐫(𝑢, 𝑣). So, based on the condition (8), we conclude that 𝐳 ⊥ 𝛎, i.e. 

𝐳 lies in the tangent plane of the sphere along the curve 𝐶. It means that we can 
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present the vector 𝐳 as the linear combination of the vectors 𝐫௨ and 𝐫௩ that 
determine tangent plane along 𝐶, i.e. 

𝐳(𝑡) = 𝑓(𝑡)𝐫௨ + 𝑔(𝑡)𝐫௩, 
where 𝑓(𝑡) and 𝑔(𝑡) are arbitrary real continuous differentiable functions. 
Since 

𝐳̇(𝑡) = 𝑓̇(𝑡)𝐫௨ + 𝑓(𝑡)(𝐫௨௨𝑢̇ + 𝐫௨௩𝑣̇) + 𝑔̇(𝑡)𝐫௩ + 𝑔(𝑡)(𝐫௩௨𝑢̇ + 𝐫௩௩𝑣̇) 
and  

𝐫̇(𝑡) = 𝐫௨𝑢̇ + 𝐫௩𝑣̇ 
using the condition for infinitesimal bending  𝐫̇ ∙ 𝐳̇ = 0, we obtain the following 
equation 

𝑓̇(𝑡)𝐫௨ ∙ 𝐫௨𝑢̇ + 𝐫௩𝑣̇ + 𝑓(𝑡)(𝐫௨௨𝑢̇ + 𝐫௨௩𝑣̇) ∙ 𝐫௨𝑢̇ + 𝐫௩𝑣̇ + 𝑔̇(𝑡)𝐫௩ ∙ 𝐫௨𝑢̇ + 𝐫௩𝑣̇ 
+𝑔(𝑡)(𝐫௩௨𝑢̇ + 𝐫௩௩𝑣̇) ∙ 𝐫௨𝑢̇ + 𝐫௩𝑣̇ = 0. 

Using one of the functions 𝑓(𝑡) and 𝑔(𝑡) arbitrarily, we obtain the other from 
the previous linear differential equation. In this way we find infinitesimal 
bending of a spherical curve such that all bent curves are on the initial sphere 
with a given precision. 
 
Example 1. A circle 𝐫(𝑡) = (𝑎 cos 𝑡 , 𝑎 sin 𝑡, 0)  has an infinitesimal bending 
field 𝐳(𝑡) = (− sin 𝑡 , cos 𝑡 , 𝑓(𝑡)) , where 𝑓(𝑡) is an arbitrary real continuous 
differential function. Corresponding infinitesimal bending is on the sphere with 
a given precision, i.e. it is valid ||𝐫ఢ||ଶ = 𝑎ଶ + 𝜖ଶ൫1 + 𝑓ଶ(𝑡)൯ = 𝑎ଶ + 𝑜(𝜖). In 
Fig.1 we can see deformed circle for 𝑓(𝑡) = sin 𝑡 cos 𝑡. The red color denotes 
original curve, and blue deformed ones for ϵ= 0.5 and ϵ= 1.  
 

          
 

Figure 1: Circle and its infinitesimal bending for 𝜖 =  0.5 and 𝜖 =  1.  
 
     Based on Theorems 4 and 6 we obtain the following corollary. 
 
Corollary 1. Necessary and sufficient condition for the infinitesimal bending of 
the spherical curve 𝐶, determined by the field z given by Eqs. (7), to be on the 
sphere 𝑆 with a given precision is that the field z is of constant intensity. 

Proof. Since for the field 𝐳 holds 𝐳̇ =
ଵ

௔
𝐫, the condition (8) reduces to 𝐳̇ ∙ 𝐳 =

0 ↔ (𝐳 ∙ 𝐳)∙ = 0 ↔ ห|𝐳|ห = 𝑐𝑜𝑛𝑠𝑡.                                                                     ∎ 
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4. VIVIANI’S  CURVE 
 
     Viviani’s curve is obtained as an intersection of a sphere with a cylinder that 
is tangent to the sphere and passes through two poles of the sphere. The 
parametric representation is  

𝐫(𝑡) = (𝑎(1 + cos 𝑡), 𝑎 sin 𝑡 , 2𝑎 sin
𝑡

2
),       𝑡 ∈ [−2𝜋, 2𝜋],    𝑎 > 0. 

It is easy to see that the vector field  
𝐳(𝑡) = (sin 𝑡 , − cos 𝑡 , 0) 

is an infinitesimal bending field for which all bent curves are closed, i.e. 
𝐳(−2𝜋) = 𝐳(2𝜋). In Fig.2 we can see deformed Viviani’s curve for 𝜖 =  0.5 
and 𝜖 =  1. The red color denotes original curve, and blue deformed ones.  

         
Figure 2: Viviani’s curve and its infinitesimal bending for 𝜖 =  0.5 and 𝜖 =  1.  

 
      Let us examine whether this infinitesimal bending lies with a given precision 
on the sphere  

𝑆: ||𝐫||ଶ = 4𝑎ଶ 
containing the initial Viviani’s curve. Since  

𝐫ఢ = (𝑎(1 + cos 𝑡) + 𝜖 sin 𝑡 , 𝑎 sin 𝑡 − 𝜖 cos 𝑡 , 2𝑎 sin
𝑡

2
) 

we easy obtain  
||𝐫ఢ||ଶ = 4𝑎ଶ + 2𝑎𝜖 sin 𝑡 + 𝜖ଶ. 

 
We conclude that bent curves are not approximately on the sphere 𝑆. However, 
the points for 𝑡 = 𝑘𝜋 ↔ sin 𝑡 = 0 are on the sphere 𝑆 with a given precision. 
 
5. SPHERICAL CURVES WITH CONSTANT SLOPE 
 
     Spherical curve with constant slope (spherical helix) has the following 
parametric equation 
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𝒓(𝑡) =

⎩
⎪
⎨

⎪
⎧(𝑎 + 𝑏) cos 𝑡 − 𝑏 cos

𝑎 + 𝑏

𝑏
𝑡

(𝑎 + 𝑏) sin 𝑡 − 𝑏 sin
𝑎 + 𝑏

𝑏
𝑡

2ඥ𝑎𝑏 + 𝑏ଶ cos
𝑎

2𝑏
𝑡

 

𝑎 ≥ 𝑏 > 0.  It lies on the sphere of the radius 𝑎 + 2𝑏. The vector field  

𝐳(𝑡) = (
2𝑏

𝑎 + 2𝑏
cos

𝑎 + 2𝑏

2𝑏
𝑡 ,

2𝑏

𝑎 + 2𝑏
sin

𝑎 + 2𝑏

2𝑏
𝑡 , 0) 

is an infinitesimal bending field. In Fig.3 we have deformed spherical helix 
(𝑎 = 1, 𝑏 = 1) for 𝜖 =  0.5 and 𝜖 =  1 together with original curve (red colour). 
 

                         
   Figure 3: Spherical helix (1,1) (spherical cardioid) and its infinitesimal 

bending for 𝜖 =  0.5 and 𝜖 =  1.  
 

      By checking the condition  
||𝐫ఢ||ଶ = (𝑎 + 2𝑏)ଶ + 𝑜(𝜖) 

we conclude that this infinitesimal bending is not on the initial sphere. More 
precisely, it holds 

||𝐫ఢ||ଶ = (𝑎 + 2𝑏)ଶ + 𝜖
4𝑎𝑏

𝑎 + 2𝑏
cos

𝑎

2𝑏
𝑡 + 𝜖ଶ

4𝑏ଶ

(𝑎 + 2𝑏)ଶ
. 

The points for cos
௔

ଶ௕
𝑡 = 0 are on the initial sphere with a given precision. 

 
6. CONCLUSIONS 
 
     In this paper we point out to the possibility of infinitesimal bending of 
spherical curves. We give explicit formulas for bending fields with appropriate 
graphic illustration using program packet Mathematica.  
     Many geometric magnitudes of curves are changed during the process of 
infinitesimal bending. For instance, in Fig.4 we can see how the curvature and 
the torsion of the Viviani’s curve is changed for different values of the 
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infinitesimal 𝜖. Our next step is investigation of these changes and finding the 
appropriate variations. 
 
 

        
Figure 4: Curvature and torsion of Viviani’s curve under infinitesimal bending 

for 𝜖 = 0,  𝜖 =  0.5 and 𝜖 =  1. 
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