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Some fixed point theorems in S-complete spaces

Tomi Dimovski', Pavel Dimovski®

Abstract

In this article we prove the existence and the uniqueness of a fixed point
for a self-map f on a S-complete space (X, §) such that for all z,y,z € X
S(fx, fy, f2) < O3S,y y)+S(y, 2, y) +5(w, 2,2)) for 0 < C < 1/6,
or S(fx, fy, fz) < Cmax{S(a,b,c)la,b,c € {z,y,z}} for 0 < C < 1.

Mathematics Subject Classification. 45H10, 54H25
Keywords. S-metric space, S-complete spaces, Fixed point

1 Introduction

The Banach fixed point theorem [1] is a very simple and powerful theorem with
a wide range of applications. It has been used by many authors for solving
linear, nonlinear differential and integral equations and more recent in partial
equations, fractional equations, dynamic systems, Cauchy boundary problems.
Through the years this theorem has been generalized and extended by many
authors in various ways and directions.

In 1963 Gahler [2] gave the concept of 2-metric space. We refer to [4] for fixed
points in 2-metric space. Further, in 1992 Dhage [3] introduced the concept of
D-metrie spaces, as a modification of the concept of 2-metric space. In 2003
Mustafa and Sims in their paper [5] demonstrated that most of the claims con-
cerning the fundamental topological properties of D-metric spaces are incorrect.
They made an attempt to fix these problems in 2005 in [6] and these attempts re-
sulted with the introduction of the concept of G-metric space. They proved the
existence of fixed points of various contraction type mappings. Other authors
also did some research in the area of fixed point concerning G-metric spaces,
c.f. [7]. In 2007 Sedghi in [8] modified the concept of [D-metric space and in-
troduced the concept of D*-metric space. He also proved a fixed point theorem
in [*-metric space. Later in 2012 Sedghi, Shobe and Aliouche [9] introduced
the concept of S-metric space which differs from the previous type spaces and
proved some fixed point theorems in S-metric spaces.

As a motivation for this research we present a simple example of the use of
fixed point technique in solving Cauchy initial value problem. We start with
countinious real valued funetion on [a,b] x [, d]. The Cauchy initial value prob-
lem consists of finding a continuously differentiable function ¢ on [a, b] satisfying
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the equations
— = flz,y), y(zo) = wo. (1)

We consider the Banach space Cla,b] of countinuous real valued functions
equiped with the norm |ly|| = sup{y(z)|z € [a,b]}. Integrating the equation
(1) one obtais the following

via) =wt [ " ft ) (2)

The problem (2) is equivalent with the problem (1). We define the operator
T Cla, bl — Cle, d] with

Ty~ o+ [ C J(t, (). 3)

Hence solving (3) reduces to finding fixed point of the operator T'.

The main problem of finding the fixed points of similarly defined operators
is to find conditions concerning the operator T such that it becomes some kind
of contraction.

2 Preliminaries

The notation, definitions and elementary results given in this section are from
[9]. We give the basic definitions concerning S-metric space, i.e. S-convergent
sequence, S-Cauchy sequence and S-complete space, then some known examples
and hasic properties of S-metric spaces.

Definition 2.1. Let X be a nonempty set. A function S : X® — R is called
an S-metric on X, if for each x,y, z,a € X the following conditions are satisfied

(51) S(z,y,2) =0 if and only if x =y = z; and
(‘92) S('I:$ Y, ,2’) S S(Ia €I, Cb) + S(y) Y, (t») + S’(ZW =3 (l).
The pair (X, 8) is called an S-metric space.

Lemma 2.2. (/9]) Let (X, S) be an S-melric space. Then S(x, z,y) = S{y,y, x),
for all x,y e X.

Definition 2.3. A sequence (x,);° in a S-metric space (X,5) is called S-
convergent, if there is x € X such that S(x,, x,,x) — 0, as n — oo.

Definition 2.4. A sequence (xy,);2 in a S-metric space (X,S) s called S-
Cauchy, if S(xp, Tn, Tm) — 0, as n,m — o0.

Definition 2.5. An S-metric space (X,S) s called S-complete, if every S-
Cauchy sequence in X converges in X.
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Concerning the topology one has the following.

Definition 2.6. (/9/) Let (X,S) be an S-metric space. For z € X and r > 0,
the open ball Bg(x,r) is the set

Bs(x,r) ={ye X : S(y,y,z) <r}.

Let 7 be the set of all A € X such that for all x € A there exist r > 0 and
Bg(x,r) C A. Then 7 is a topology on X induced by the S-metric S.

Lemma 2.7. (/9]) Let (X, 5) be an S-metric space. For x € X,r > 0 the ball
Bg(x,r) is an open subset of X.

Trivially but worth mentioning is the fact that the sequence convergence in
(X, S) is equivalent with 7 convergence, where 7 is induced by the S-metric S,

Example 2.8. Let X = R" and || - || be a norm on X. Then S{z,y,z) =
ly + 2 — 2z|| + ||ly — z|| 4 an S-metric on X.

Example 2.9. Let X be a nonemply set and d be an ordinary metric on X.
Then S(x,y,z) = d(x, z) + dy, z) is an S-metric on X.

Example 2.10. Let X — [0,1]. We define S : X = Ry by:

) 0 Ty =z
Sz, y.z) = '
(z,y,2) { max{z,y,z} ,otherwise

Then S is an S-metric on X.

Example 2.11. Let X be a nonempty sel and di,ds are two metrics on X.
Then S(x,y,2) = dy(x,2) + da(y, 2) is an S-metric on X.

Example 2.12. If X is a vector space over R and || -|| s a norm on X, then
S(x,y,2) = |lay+ Bz — vz|| + ||y — z||, where o+ 3 = v for every o, 5 > 1, is
an S-metric on X.

3 Main results

The main idea of this article is to define certain self-mapings on (X, 5) and to
prove the existence and the uniqueness of their fixed points.

Theorem 3.1. Let f be a self-map on an S-complete space (X, S) such that

S(fx, fy, fz) < Cchc x,y,y) + Sy, z,y) + Sz, 2,2)) for all z,y,2 € X,
where 0 < C < 1/6. Then f has a unique fized point. The sum is over all cychc

permutations of the triple (x,y, z).

Proof. Plugging y = = in to the condition for the mapping f and one obtains

S(fz, fa, f2) <20(5(z,z,2) 4+ S(z,2,2)) + C(S(x,z,2) + S(z,z,2)).  (4)
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Directly from (S52) in the definition (2.1) it follows that S(x,y, ) < S(y, v, z)
and S(z,y,y) < S(x,z,y) for all z,y € X. Applying these inequalities in (4)
we obtain,

S(fa, fa, f2) <20(S(z,z,2) + S(x,z, 2)) + C(S(x,z,2) + S(z, z,2)).
Lemma 2.2 implies
S(fx, fz, f2) <6CS(x,2,2) = MS(xz,z,2). (3)

where 0 < 6C = M < 1.

Let xp € X be an arbitrary point. We take the orbit of xy, i.e. the sequence
(2,052, defined with the conditions: 21 = f(a0), 22 = f(z1) = f2(z0), ..., &0 =
f™(zq), - - . For simplicity, we use the notation fz,, for f(z,). Then we have

Sy, Ty, Tpg1) < MS Tyt Tt Tn) < M2S(2n_9, T, Tn_1)
< M™S(xg, xo,21)-

Thus, since 0 < M < 1,

lim S(zp, T, i) = 0. (6)

Next, we will show that the sequence (a,,);2 ; is S-Cauchy. From the definition

of (z,);2, and (52) we obtain

S, Tny ) < S, 2, f2n) + S(@n, Tn, fon) + S(@my T, fon)
=25(xn, 2, fan) + Slam, Tm, fon)
< 25(n, @ fon) + S(2m, @m, fom) + 5(@m, 2o, fem) + S(Fn, fon, fom)
=2[S(n, Tny fn) + S(@m, T, fom)] + S(f2n, fon, f2m).

Choosing = = x,, and z = z,, in inequality (5}, one obtains S(fzy, fo,, fom) <
MS(xy, Ty, T ), hence

S(xru xnaivm) < 2[8(:671: xn>f3:ﬂ-) + S(:Um: Ty fxm)] + "145(2:1?>Iﬂ-: xm)-

(1 - A’{)S(:’:n:xn: :"'m) S 2[‘5’(3771: LTy f:L'n) + S(wmu LTiny fwm )]7
ie.
S('l:'n: Ty Im) < 2/(1 - jVI)[S(.‘I‘,,,;En. f"En) + S(Ima -'L'm-,fﬂ:m)]'
From (6) it follows that S(z,,zy,,x,) — 0, as n,m — oc, i.e. the sequence

(z,,)72 is S-Cauchy. Since (X, S) is S-complete, there exists p € X such that
lim S(zp, 2, p) = 0. (7)

Next we will prove that p € X is a fixed point for f. Using (52) and Lemma
2.2 we obtain
S(fp, fo,p) < S(fp, fp, fan) + S(fp, fp, fan) + S(p,p, fn)
=28(fp, fp, fan) + S(p, p, fan)
= QS(IJ/R f-Tn-: er) + S(f'«”nw f-'l:n:j”)v
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We choose 2 = 2, and z = pin (3) and obtain S(fx,, fo,, fp) < MS(zy, 24, p).
Hence, S5{fp, fp,p) < 2MS(z,,xn,p) + S(fxpn, frn,p). On the other hand,
S(f-‘:na fan,p) < ES(f:L'n, fan, In-)JFS(p:p: -Ln) - 23(*‘7}: T, fon)+S(@n, Tn, p)-
Thus,

S(fp, fp,p) < 2M + 1)S(2n, 20, p) + 2820, T, Togt). (8)

As n — oo, from (6) and (7) it follows that S(fp, fp,p) =0, i.e. fp = p. Next
we will show the uniqueness of the fixed point p. Let ¢ € X be another fixed
point for f. Then we choose @ = p and z = ¢ in (5) and obtain S(p,p,q) =
S(fp, fp, fq) < MS(p,p,q), ie. (1 —=M)S(p,p,q) <0, From 0 < M < 1it
follows that S(p,p,q) = 0. Thus, p =q. O

Theorem 3.2. Let [ be a self-map on an S-complete space (X, S) such that
S(fz, fy, fz) < Cmax{S(a,b,c)|a,b,c € {x,y,z}} for all z,y,z € X, where
0<C < 1. Then [ has a unique fized poinl.

Proof. 1If we set y = x in the inequality defining f we obtain

S(fz, fz, fz) < Cmax{S(a,b,c)|a,b,c e {z,z}}
= Cmax{S(z,z,z),5(x, z,2),5(z,2,2),5(z, 2, x),
S(z,x,2),S(z, 2,2),5(2,z,2),5(2, 2 2)}

From Lemma 2.2 and (52) we obtain S(z, z, 2) < S(z,z, 2), S(z,z, z) < S(z, z, z),
S(z,z,x) < S(z,2,x) = S(z,z,z) and S(z,z,z) < S(z,2z,z) = S(z,z,2).
Hence, S(fx, fz, fz) < CS(z,z,z). The rest of the proof is analogous to the
previous theorem.
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