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Abstract. The focus in this paper are theorems about common fixed points for
two T; Chatterjea type contractions in a complete metric space (X,d). In

doing so we defined T as continuous, injection and subsequentially convergent
mapping, and f as a function of the class @, class of continuous monotony
non-decreasing functions f :[0,+o0) —[0,4w0) such that f‘l(O):{O}, and
furthermore f is sub additive

1. INTRODUCTION

The Banach fixed-point theorem, as well as its generalizations presented by
R. Kannan ([4]), S. K. Chatterjea ([7]) and P. V. Koparde, B. B. Waghmode
([3]), are well known. S. Moradi and D. Alimohammadi [9] generalized R.
Kannan results using the sequentially convergent mappings. Using the
sequentially convergent mappings, some generalizations of R. Kannan, S. K.
Chatterjea and P. V. Koparde, B. B. Waghmode are proved [1]. The sequentially
convergent mappings are defined as the following:

Definition 1 ([8]). Let (X,d) be a metric space. A mapping T: X — X is
said sequentially convergent if we have, for every sequence{y,}, if {Ty,} is
convergence then {y,} also is convergence. A mapping T is said sub
sequentially convergent if we have, for every sequence {y,}, if {Ty,} is
convergence then {y,} has a convergent subsequence.

Further, using sequentially convergent mappings are also proved several
results about sharing fixed point for two R. Kannan, S. K. Chatterjea and P. V.
Koparde, B. B. Waghmode types of mapping [5], 2006.

S. Moradi and A. Beiranvand [8], 2010, introduced the concept of Ts

contractive mapping, applying the @class of continuous monotony non-

decreasing functions f :[0,+00) —[0,+0) such that f‘l(O):{O}, defined as
the following:
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Definition 2 ([8]). Let (X,d) be a metric space, S,T: X > X and f €6.
A mapping S issaid T; —contraction if there exist o € (0,1) such that

f (d(TSx, TSy)) <af (d(Tx,Ty)),
forall x,ye X.

Let us notice that if f e® then f’l(O) ={0} implies that f(t)>0, for all
t>0. S. Moradi and A. Beiranvand proved that if S is T¢ contractive
mapping, and then S has a unique fixed point. M. Kir u H. Kiziltunc, [2], 2014
generalized the S. Moradi and A. Beiranvand result about R. Kannan and S. K.
Chatterjea types of mapping.

In our further observations we will present several results about sharing fixed
points of two Ty Chatterjea type contractions in a complete metric space, such
that the function f (f is a function of @ class) we will additionally suppose
that it is subadditive, i.e. f(a+b)< f(a)+ f(b), forall a,be[0,+x).

2. MAINS RESULTS

Theorem 1. Let(X,d) be a complete metric space $;,S,: X > X, fe®
is such that f(a+b)<f(a)+ f(b), for all a,be[0,4+) and the mapping

T:X — X be continuous, injection and subsequentially convergent. If there
exist o >0, >0 such that 2o+ (0,1) and

F(d(TSiX,TS,y)) <o F(d(Tx, TSpy)) + F (d (Ty, TSyx))) +BF (d(Tx, Ty)) (1)
forallx,y e X, then S; and S, have a unique sharing fixed point.
Proof. Let x; be any point of X and let the sequence {x,} be defined as
Xan+1 = S1Xon s Xon+2 =S2Xons1y N=0123,....
If there exists n>0, such that X, = X1 = Xn42, then it is easy to be proven that
u =X, isasharing fixed point for S;and S, . Therefore, let us assume that there
no exist three consecutive equal terms of the sequence{x,}. Then by applying
the inequality (1), it is easy to prove the following inequalities:
f(d(MXon41,TX2n)) < a(F(d(TXon_1, TX2n)) + f(d(TX2n, TX0n41))) +
+Bf (d(Txzn, Txon-1))

and the above stated implies that for all n=0,12,... and A= i‘_—f €(0,1) it
holds that:

£ (d (X031, TX0)) < AF (d (T, T 1)) )
Further, the inequality (2) implies

F(d (T2, TX0)) <A™ F (A (Tx1, TX)) (3)
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holds for all n=0,1,2,.... Now, the metrics properties, the properties of the
function f and the inequality (3) imply that for all m,neN, n>m holds the
following

F(d (X0, Txm)) <4 F(d (T3, Txg)) -
According to that, the sequence {Tx,} is Caushy, and since (X,d) is a

complete metric space, the sequence is convergent. Further, the mapping
T:X —> X is a subsequentially convergent, therefore the sequence {x,}

consists a convergent subsequence {xn(k)}, i.e. it exists ue X such that

lim X,y =u. Now, the continuity of T implies lim Tx,y)=Tu. But,
k—0 k—o0

{T%n(k)} is a subsequence of the convergent sequence {Tx,}, therefore

lim TXn = lim TXn(k) =Tu.
n—o k—o

We will prove that u e X is a fixed point for the mapping S, . So:
F(d(Tu,TSW)) < F(d(Tu, Txpns2)) + f (A (TXop2, TSW))
= f£(d(Tu, Txzny2)) + F(d(TS2xan41, TSU))
< £(d(Tu, Txans2)) + o f (Txgn g, TSU) + F(d (Tu, TSXxan,1))) +
+Bf (d(Tu, Txzp,1))
= 1(d(TU, TXon42)) + 0 F (T2, TS1U) + T (d (TU, TXp2))) +
+Bf (d(Tu, Txzan,1))

The mappings f and T are continuous, and therefore the metric space
properties imply that for n — oo, the last inequality is transformed as

f(d(Tu,TSu)) < af (Tu, TS;u) + L+ o +B) f (0)
But, 1-a>0 and f‘l(O):{O}, therefore the last inequality implies that
d(Tu,TS;u)=0, that is TSu=Tu. Finally, T is injection, and therefore
Siu=u, that u is fixed point for the mapping S;. Analogously, u is also fixed
point for the mapping S, i.e. u is common fixed point for the mapping S; and
S5.

Next, we will prove that S; and S, have a unique common fixed point. Let
ve X be afixed point for S,,i.e. S,v=v. Then
f(d(Tu,Tv)) = f (d(TSqu,TS,Vv)|)
<o f(d(Tu,TSyv)) + f(d(Tv,TSqu))) + Bf (d(Tu,Tv)
=(20.+B) f(d(Tu,Tv).

Now, 2o+ <1, therefore the last inequality implies d(Tu,Tv) =0, i.e. it holds
Tu=Tv. But, T is injection, and therefore u=v, that is S; and S, have a
unique common fixed point. m
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Corollary 1. Let (X,d) be a complete metric space $;,S,: X > X, fe€®
is such that f(a+b)< f(a)+ f(b), for all a,be[0,+0) and the mapping

T:X — X be continuous, injection and subsequentially convergent. If it exists
A €(0,1) such that

£ (d(TS1x, TS,y)) < AT (A(Tx,TS,y)) - F(d(Ty,TS¥)) - T (d (T, Ty)
forall x,ye X, then S; and S, have a unique sharing fixed point.
Proof. The arithmetic-geometric mean inequality implies that

FATSXTSoy)) <4 (F(ATx,TSp)) + f (d Ty, TSy)) + F (A (Tx,Ty)))
for all x,ye X . Applying the Theorem 1 for a:B:% we get the above

corollary. m

Corollary 2. Let (X,d)be a complete metric space $;,S,: X > X, fe®
be such that f(a+b)< f(a)+ f(b),for all a,be[0,+x) and the mapping

T:X — X be continuous, injection and subsequentially convergent. If there
exist a>0,B>0 such that 2o+ < (0,1) and
F2(d (Tx,TSpy))+ f 2 (d (Ty,TS1))
fd(TSx,TSyy)) <a— (AXTS,y )+ Ty 50 T Bf (d(Tx,Ty),
forallx,y e X, then S; and S, have a unique sharing fixed point.
Proof. The inequality (1) is a direct implication of the given inequality. m

Corollary 3. Let (X,d)be a complete metric space S;,S,: X -> X, fe®
be such that f(a+b)< f(a)+ f(b),for all a,be[0,+x) and the mapping
T:X — X be continuous, injection and subsequentially convergent. If it exists
a € (0,1) such that

f(d(TS1x,TSzy)) <a(f(d(Tx, TSzy)) + f(d(Ty, TSX)))
forallx,y e X, then S; and S, have a unique sharing fixed point.
Proof. The proof is directly implied by Theorem 1, for f=0. m

Corollary 4. Let (X,d)be a complete metric space S;,S,: X > X, fe®
be such that f(a+b)<f(a)+ f(b),for all abe[0,+x). If there exist
o>0,>0 sothat 2a+p (0,1) and

F(d(S1x,S2y)) < alf (d(x,Szy)) + f(d(y,S51x))) +Bf (d(x, y))
forall x,ye X, then S; and S, have a unique sharing fixed point.

Proof. The mapping T:X — X determined as Tx=x is continuous,
injection and subsequentially convergent.
Therefore, the proof is directly implied by Theorem 1, for Tx=x.m
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Corollary 5. Let (X,d)be a complete metric space $;,S,: X > X, fe®
be such that f(a+b)< f(a)+ f(b), for all a,be[0,+x). If it exists a e (0,4)
so that
f(d (5%, S2¥)) <a(f (d(x,Szy)) + f(d(y,$1X)),
forall x,y e X itholds, then S; and S, have a unique sharing fixed point.

Proof. Direct implication from the Corollary 3 for Tx = x or the Corollary 4
for =0.m

Corollary 6. Let (X,d)be a complete metric space S;,S,: X > X, fe®
be such that f(a+b)<f(a)+ f(b), for all a,be[0,+) and the mapping

T:X — X be continuous, injection and subsequentially convergent. If there
exist p,geN ando >0,$>0 such that 2o+ €(0,1) and

f(d(TSPx,TSFy)) <a(f (d(Tx,TSFy)) + f (d(Ty, TSP x))) +Bf (d(Tx, Ty))
forall x,y e X, then S; and S, have a unique sharing fixed point.
Proof. The Theorem1 implies that the mappings Slp and Sg have a unigque
common fixed point ue X . So, Slpu =u and therefore
Su=S1(SPu)=SP(S),
that is Syu is a fixed point for S”. Analogously, Sju=u implies that
Sou =S,(SJu) =53 (Syu),
that is S,u a fixed point for Sg . But, the proof of the Theoreml implies that

s andS] have unique fixed points. Therefore Sju=u and Su=u.
According to this, ue X is a common fixed point for S; and S,.
For ve X is an arbitrary fixed point for S; and S, , we get that it is also a

common fixed point for S and SJ. But the mappings S and SJ have a
unique common fixed point, and therefore v=u. m

Remark. The function f :[0,+00) —[0,+00) defined as f(t)=t, for each
te[0,1), it is a function of @class and it is a sub-additive. Moreover, each
sequentially convergent mapping T:X — X is sub-sequentially convergent
mapping. Therefore the Theorem2 and the Corollaries 7-12 [5], are directly

implied by the above proved the Theoreml and the Corollaries 1-6,
respectively.
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