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ABSTRACT. Recently there have been proven many results about error bounds
for Chebyshev functional. The aim of our paper is to extend those results and
give some new error estimation of the Chebyshev functional and applications
to the threepoint weighted integral formulas.

1. INTRODUCTION

For two Lebesque integrable functions f, g : [a,b] — R let us consider the Cheby-
shev functional:

b b b
1(1.9) = = [ Sgtat - [ snae = [Cgwar. ()

Lpla,b], 1 < p < oo stands for the space of the functions [ : [a, b)) — R which are
p—integrable, i.e. they are equipped by p—norm

b B
171, = U NGl dt]

which is finite. L..[a,b] stands for space of the functions f : [a,b] = R which are
essentially bounded and oco—norm defined by

[l = esssup;ciq £ ()]
isi finite.
P. Cerone and S.S. Dragomir have delivered in [1] the following bounds for Cheby-
shev functional T'(¢p, ¢):

Lemma 1. If ¢ : [a,b] = R is an absolutely continuwous function with
(- —a)b— ')(9’3,)2 € Lla,b],
then we have the inequality

b
Tle.4) < gy | (0= 0= 2) [P @ (12)

The constant % s the best possible.

The following results of Griiss type have been obtained in [1]:
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Theorem 1. Let f, g : |a,b] = R be two absolutely continuous functions on |a, b]
with

(-=a)b =), —a)(b—)g")* € Lla,b].

Then we have the inequality

=

L v 1 b I 9
|T(f~g)| < ﬂlT(faf)J- m (L (.‘L‘—(L)(b—;':) [Q (:L')] (igj) (lo)
1 b . / e T
< m (/ﬂ (x—a)(b—2a)[f (x)] d.r,)

X (/ {z—a)(b—=x) [g"(:‘f;)}2 (i;r')

The constant % and 5 are best possible in (1.3).

Theorem 2. Assume that g : [a,b] — R is monotonic nondecreasing on [a,b]
and f : [a,b] = R is absolutely continuous with ' € Lec|a,b]. Then we have the
inequality

1

b
10901 < gy 1l [ = (o =)t (1.4)

The constant % s the best possible.

In this paper we shall give the notion and new bounds for general open weighted
threepoint formula by using upper results for Chebyshev functional.

2. (GENERAL OPEN WEIGHT THREEPOINT INTEGRAL FORMULA

Let us recall the general integral formula obtained in [2]. Consider subdivision

o={a=zy < <...<zHy = b} of the segment |a, b],for some m € N. Let
w: [a,b] — R be an arbitrary integrable function.On each interval [z, 2], k =
1,...,m we consider different w—harmonic sequences of functions {wy;};—1, n,

i.e. we have

wy () = w(t) for t € |zg_1, x|
(wiy) (1) = wp ;1 (t)  fort € [xy_q,xg), forall j =2,3,... n. (2.1)

Further, let us define

wy,(t)  for t € [a,xq],
W, w(t, o) = wop(t)  for & € (21, xa), (2.2)

v-,um,,,(t) for t € (-1, b].

In order to obtain the weight threepoint integral formula, we shall use the following
results about the general integral formula ([2]):
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Theorem 3. If g : |a,b] = R is such that g\ is a piccewise continuous on |a,b|,
then the following identily holds

b n
[ wsd = Y17 om0 (2:3)
Ja =
m—1
+ Z [?l)kj(ﬂfk) — 11,'k+1,j(.rk)]g(j71)(a:k) — ?Ulj(a)g(jfl)(a)
k=1

b
+ (_1)”/ Wi (t,a)g (2)dt.
< a

Theorem 4. Let us suppose w : [a,b] — R is an inlegrable function and {wi;};-1,  n
w—harmonic sequences of functions on [z, zy], fork =1,...,m. Ifg: [a,b] = R
is a function such that ¢\ 1) is absolutely continuous and g™ € Ly for some

1 < p < oo, then the following inequalily holds

b n
[ wtaar = 317 (- 00) (2.4)
a =1
m—1 ) )
Y [wegk) = wegr g (x)] g9 (k) - wlj(ﬂ-)g(‘?fl)(ﬂ)”
k=1
< Clnpw)-1lg™ g
where
b : | 1 1
C(n, p,w) = [fa |an.,w(L:U)|qdl} s I <p=oo, Sl (2.5)

SUPc(q,b] |Hfﬂ-,u.‘ (t: O')| ;o op=1

The inequality is the best possible for p = 1 and sharp for 1 < p < oo. Fquality is
attained for every function g such that

g(’) =M -g*(l) ern—l(”;

where M € R, py,_1 is an arbitrary polynomial of degree at most n —1 and g.(t) is

function on [a,b] defined by

3 _ eyn—1 .
g:(t) = / % sspnWy, (&, 0) - Wi (€, o) P T dE, (2.6)
for 1l < p < oo, and
t _ eyn—1
g9.(t) = / % -sgnW,, (€, o)dg, (2.7)

forp=cc.

We shall deliver now the general threepoint integral fomula with nodes z, &kt

2
and a+b—zx, for some x € [a, “5*). Let n € Nand {L;};0 .. » be some sequence
of harmonic polynomials such that deg L; < j7 — 1 and Lo = 0. Let us consider

subdivision of the segment [a, b]:

o ={zp <z <30 <73 < 24}
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Wheremoza;zlzx,r_g:%b,xgza+b—xand:r4:b‘Fork:L...,nwe

define functions wﬁ) Hajo,xy] = R, for 7 = 1,2, 3,4, in the following way:

1 t
W) = mfa(t—s)k fw(s)ds,

1 it
o0 = gy [ - 9 et L)
(3) (4 1 b k—1 k
wag (8) 1= —mft (t — )" tw(s)ds + (=) Li(a +b—1),
(3) 1 ’ E—1
wiy (t) = *m/; (t— )" w(s)ds,
and ‘wﬁg) (t) .= w(t). Further, let us define
'wgi)(t), for t € [a, z],
(3)
, wy! (t), forte (x50
Wit x) an (0 a+b l (2.8)
wy,, (1), forte( ca+b—al
w6, Tort e (at b

Remark 1. Sequences {w(s)}k 0,1,...n @re w—harmonic sequences of functions on
[ 1,25], for every j =1,2,3,4.

Remark 2. If. in addition, we have w(t) = w(a+ b —1t), for each t € [a,b], then
the following symmeltry conditions hold for k =1,...,n:

Wi (1) = (=DM (a tb—1), Jort € [a,a]

and

a+b

)

Theorem 5. Let [ : |a,b] — R be a function with piccewise continuous n—th
derivative, for some n € N, w : [a,b] = R integrable function such that w(t) =
wla+b—t), for each t € [a, b] and x € [a, 252). Further, let {Ly} =01, . be some

sequence of harmonic polynomials such that deg L; < j — 1 and Lo(t) = 0, and
W (3 wit,z) be defined by (2.8). Then the following identity holds:

b ; . a
[ e - Aiil.(x)(f(m)+f(a+b—x>)+B§?BU<x)f( ) @)

wg?(t) = (—l)kwgi)(a Fb—t), forte(ax

+ T(x) / WL () f™ (e,
where
T, () ZAk ( & @)+ ()4 Dt b—2) (210
+b
+ ZBk GT)
odd K
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ath
(3 . 1 2 a+b P a+b
By (@) =2 {(k—l)!./x (5= = 9" twle)ds + Li(=5=) |, for odd k> 1
and
a+b a+b
B](CSL(E) = wag( B ) — wsp( 3 ) =0, forevenk > 1.
Proof. We consider subdivision xg = a, 1 = =, x5 = erb’ x5 = a+ b —x and

x4 = b of the interval [a, b] and apply formula (2. 5) with m = 4.
O

Theorem 6. Let [ : [a,b] — R be a function with a piecewise conlinuous n—th
deriwative and fO0V) € Lpla,b] for some n € ¥ and some 1 < p < co. Then we have
the following tnequality

| f W)t = AL @) () + flat b= ) = B (25 1)
< 03(71':1013::“}) : Hf(n)“p? (2'11)

where

. atb . q 1/q
91/q {fu 3 Wy(lil(t-,w)‘ di] , + % =1, l<p<

C"g('fl,p}.’lf,u') - (212)
Sup{‘w 2 (t,x) ‘ t € a, ‘”b]} p=1,

hS =

The inequalily s best possible for p = 1 and sharp for 1 < p < 00, Fquality is
attained for the function f, : [a,b] — R defined by

1 ‘ = ,
f*(t):m/ (t — )" l‘w,ﬁ{, s, r)‘ L sgnWi) (s, 2)ds (2.13)
for 1 < p < o0, while for p= oo
1 t
fot) = m/ (t—s)" 1sg77WT(]33,(s x)ds (2.14)

Proof. The proof follows from the Theorem 4 for m = 4 and subdivision zp = a,
T, =T, To G'T—b, w9 —a+b—xand x4 = b. O

Remark 3. Using Theorem 5 and Theorem 6 for the wniform weight w(t) = ﬁ,
we get the results obtained in [3], so these results are the generalization of the non-
weight threepoint formula.

Let us consider the special harmonic polynomials L,, and uniform weight w(t) =
1
Ba”
1 (b—a)?
— Inlr—a— ——{t —
nlb—a) [”(’ AT re—co

Ln,;t' (f)
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After some calculation from Theorem 5 we get

@ o __ (b-a ® _ (-0
s Gy P gy
9, 040, (A2, - 0

Inserting polynomials {L,, ,} in Theorem 5 and Theorem 6 we get:

s [ s o) 19, )

< Gy, 5[l (216)
where
~ (b-a)? (b—a)® a+b
D)= e (o) flat b)) + (1 = e ) 15
(2.17)

T, 1 (fx) = ZAfj;lu(w) (f("")(')-I—(—l)"*]f("“’”(a-kb—x))

b—a
+ ZBB z) fE1( ) (2.18)
nd.df
and
) a
l olfq[f Y im‘dt] ;l:+é_1‘ l<p<x
e (2.19)

C: r,— )=
‘j(n’p’ ‘Uﬂ b_ a) \
I"VTE,,&'(t T ‘ te [G, u+b]} p=1,

sup{
3. OsTROWSKI-GRUSS TYPE INEQUALITIES FOR THE REMAINDER OF THE
WEIGHT THREEPOINT FORMULA

Let us apply identity (1.1) for f & (=1)"W, (-, 2) and g < fin

1t \
T((=1)"WE (- x), ) = E/ (=1 W (¢, 2) f ™) (t)dt (3.1)

b
S /( 1) W3 (8, x)dt - /f(”) t)dt.
b—af, b—a

Theorem 7. Let f : [a,b] = R be such that F is absolutely continuous function,
w: [a,b] = [0, 00) is weight function such that w(t) = w(a+b—t), for eacht € [a, b]
and z € [a . "”} Then the following identity holds:

st - 5 [0 o)+ 10 8- B 17800

(1+(—1)R)A;H.()+BSL.() - ) o
T (7-90) = 1)) = T(-1 W 2),17). (32)
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Proof. Divide relation (2.9) by b — a and add to both sides of new identity term
b

1t o 1 "
- [ = [ -

—qa '

—1AS (4 (3)
(1+(-1) )(x:n_,ma(); + Bn (z) (f(n—l}[b] _ f(n—l)(&)) ]

Now the right side of the identity appears to be Chebyshev functional T({-1)"W ,ﬁ& (-,z), f™)
so the theorem is proved.

O
Now we establish error bounds for T'((— )“Wﬂ (- 2), FY..

Theorem 8. Let f : [a,b] = R be such that f*) is absolutely continuous function
with

(=a) o= (10 € Ll

w: [a,b] = [0, 00) is weight function such that w(t) = w(a+b—1), for eacht € [a,b]
and x € [a, “‘{b}. Then we have

12
(0 (17948 (o) + B, )

b—a

T

T w2 < 2 [l a ) -

2

b i
[; f (t—a)(b—1t) f(”“)(f):’dt} . (3.3)

Proof. The proof follows from Cauchy-Schwartz's inequality
T(e.0) <Tle) T, %)
applied to T((—l)”'i-’V-,Egi(-.m). 1)), S0 we have

< VTS ), (oS- T, o).

T((-1)"We (.,

(3.4)
We compute
b
TP WD) = o [P o)

1 ’ 2 '
- oo | ] O o)

9
: n (3) :
[C3 (n, 2,:8,11’)]2 {(1 +(=1") iﬁall W(8)+ Briy ()
b—a - (b—a)?
On the other side, according to the Lemma 1. we have

b
(f(n ffn) < 2(51_ ]f (i _a) (b—t) f(n{»l)(t)‘ldt’

which finishes the proof. ]
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Corollary 1. Let f : [a,b] = R be such that f' is absolutely continuous function
with (- —a) (b= ) (")’ € Lla,b] and € [a, 02b]. Then we have

5 i Ly () @B @)
T(_wrl[ 1 (-,.’L’),f’)‘ < m (Cg (1,2,$,b )) - ba boa

=

L 1/2
{5 / (t—a)(b—1t) f”(t)gdzl . (3.5)
Proof. We apply Theorem 8 for w(t) = ﬁ andn=1. O

Remark 4. Inserting harmonic polynomials Ly, ., in (3.5) we get:

‘T(—W(g)l (-,.::),f")‘ <

lfbfu -

1 [b-ua | (b—a)? Az —a)? (b—a)
h—a\ 12 ((2x—a—b)2+(2:t—a—b)33(23."—05—!))3)

1/2
{1 /b (t—a)(b—1) f”(t)%lt]

2

Specially, for x = a we have the unequality related to of the Simpson quadrature
Jormula:

1/2
( NRE .
‘T(_M[l(:ﬂ;( a)f)‘ S =5 [ [t - (I) (b - t) f f(f)ldfl
= 612/,
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