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Abstract. In this paper we prove some results on the existence of a dense set of
vectors each having an n-tuple orbit tending to infinity for sequences of
mutually commuting bounded linear operators acting on an infinite
dimensional complex Banach space.

1. INTRODUCTION

Let X be a complex infinite-dimensional Banach space and B(X) the
algebra of all bounded linear operators acting on X . For an operator T € B(X),
o(T), op(T), ogp(T) and r(T) will denote the spectrum, the point spectrum,

the approximate point spectrum and the spectral radius of the operator T,
respectively.
If T,,T,,....T, € B(X) are mutually commuting operators, the n-tuple orbit

(or the orbit under the n-tuple T =(T;,T,,...,T,;) ) of the vector x e X is the set
Orb({T;}y, X) = Orb(T, X) = {T1k1T2k2 LTk > 01<i < n} . (L.1)

The n-tuple orbit tends to infinity if

lim [rlare . Thox| =0, forall kj 20, j=i, 1<i,j<n.
j—>0

For n=1, the n-tuple orbit (1.1) reduces to a simple sequence of form
Orb(T, x) ={T”x: n =0,1,2,...} ,

usually referred as single orbit (or simply orbit) of the vector x e X under the
operator T . Regardless of the dimension of the space, single orbits tending to
infinity may exist only when T is power unbounded operator, i.e. when

supp, ||T“||:oo. In this case, by the Banach-Steinhaus theorem, the space will
contain a dense Gg -set of vectors each having an unbounded orbit under T (i.e.
orbit with supn”T”x”:oo). But, unlike the case of an operator T acting on a

finite-dimensional space where the only unbounded orbits for T are those
tending to infinity and may exist if, and only if, r(T)>1, in the case of an
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infinite-dimensional space, the structure of the set of all vectors with orbits
tending to infinity can be quite different. Clearly, if Gp(T) contains a point A

such that [Al>1, this set will contain all the elements of Ker(T —Al)\{0}.

Furthermore, the set of all vectors with orbits tending to infinity can be dense in
the whole space, even if the point spectrum of the operator is empty. The results
obtained by B. Beauzamy for operators on infinite-dimensional Hilbert or
reflexive Banach space X (cf. [1, Ch. IlI]) imply that for any operator

T eB(X) for which o,y (T)\op(T) contains a point A with [A[>1, the space

will contain a dense set D such that ||T”x|| —o as Nn—oo, forall xeD. The
results obtained by V. Miller ([7] and [8]) imply that such set exists for any
operator T on arbitrary infinite-dimensional Banach space as long as r(T)>1.
In general, this set is not a Gg -set since the space may contain another dense

G -set of vectors with unbounded orbits: vectors for which Orb(T,Xx) itself is
dense in the whole space (cf. [9, Theorem 1] or [1, 111.0.C]).

Under the assumption that T; and T, are bounded linear operators on
infinite-dimensional Hilbert or reflexive Banach space satisfying

(0ap (M) \0p (M) {1 e C:[2 > B= D,

(0ap (M) \op (M) N{heC: A >B= D,
in [2] and [3] the authors have shown that the space contains a dense set D such
that

“Tlnxu—mo and HTZ”X“ — o, forall xeD.

If, in addition, T; and T, are commuting operators, each bounded bellow,

then for every xeD the corresponding 2-tuple orbit tends to infinity ([10,
Theorem 1.4]):

“leszkz XH — o as kg —> oo, forevery kp >0,
and
“leszkz XH — 0 as ky —> o, forevery k; 0.

Using the following three results, in the next section we are going to
generalize this result for n-tuple orbits and sequences of mutually commuting
operators each bounded bellow.

Theorem 1.1. ([8, Theorem V.37.14]) Let X and Y be Banach spaces and
let (T, )n>1 be a sequence of operators in B(X,Y). Then for every sequence of

positive numbers (ap)p>1 With > ,a, <o, in every open ball in X with
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radius strictly larger than » . a, <o, there is a vector xe X satisfying
[TaX||= an [Ty, for all n>1.

Lemma 1.2. ([8, Lemma V.37.15]) Let €>0 and (a,),>; be a sequence of
positive numbers satisfying > .,a, <e. Then there is a sequence of positive
numbers (,),>1 such that by — o as n—w and > . a.b, <e.

-1
Corollary 1.3. ([8, Corollary V.37.16]) If T < B(X) satisfies ¥, [T"| " <o,
then there is a dense set D < X such that Orb(T,x) tends to infinity for every
xeD.

2. MAIN RESULTS

Throughout the rest of this paper we assume that the spaces are complex and
infinite-dimensional.

Lemma 2.1. Let X be a Banach space and T;,T,,...T, € B(X) are mutually
commuting operators with at least one of the following properties:

(P.1) the operator T; is bounded bellow, for every i ;
1
(P.2) (Tik —Tjk)kzo is a norm bounded sequence, for every i and j.

If xe X is such that Orb(T;j,x) tends to infinity for every ie{l,2,...,n}, then
for every 1<m<n and every 1<i<iy<...<ip<n the m-tuple orbit
Orb({T;, ¥4, %) tends to infinity.

Proof. If the operators Tq,T,,...T, have the property (P.1), then there are
positive numbers C;,C,,...C,, such that

[Tix| = CilIxll, forall xe X, 1<i<n.

Hence, if 1<m<n, 1<i <ip <...<ip <n and kj >0, je{l,2,...,m}, then for

every se{L,2,...,m} and fixed values for kj, je{L,2,...,m}\{s}

HTileik2 ...Tik X . Tiksx — 0, as kg > .
1 2 S

m

> mckl
> T1 i
1=1

l#s
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Now, assume that the operators T;,T,,...T, have the property (P.2). For
i, jeqL.2,...n}, let M; j >0 issuch that [T% ~TK|<wm; ;,
We continue by induction. Let m=2 and 1<i; <i, <n. Then

< [rhutkey Tt key +HT.k1T.k2x
Ik h I h I

for every k>0.

T_k1+k2 X
h

_ kl k2 _ k2 I(l k2
= Ti1 (I'i1 Ti2 )X+ Ti1 Ti2 X

<|Th
h

g
h I

.MHWM%X
h Iz

qmﬁmmﬂwqwﬁm.

— as n—o (and hence HTikl+k2x
1

Since ‘ — o as ky > oo, for all

T."x
h

ki > 0), the above inequalities imply that

HT."lT."ZX s, as ky >, forall k>0,
h I

Similarly, the following inequalities

T.k1+k2 X
)

<|rhrkey_Thtkey
ik h I

+ HT krkey
h I

k k [ ki k
=t —Till)xH + HTillTizz X

<|tke
I

fe-re
I h

.MHWM%X
)

smﬁﬁwmﬂwﬁﬁﬂ%

imply that
HT. ke
h I

— o, as kg > oo, forall k, >0.

To complete the proof, it is enough to show the claim for m=n, under the
assumption that Orb({'l'ij}jj,x) tends to infinity forall 1<i; <...<i,_1 <n.

For a fixed i e{l,...,n}, arbitrary je{l,...,n}\{i} and kq,...,k, >0 we have
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ko karkickng ok
T T T

<[ TSR L T - TR LTk

ki k k
|+ [ramge T

i+1
o LA AUSI R AT ALV B A AL A
= 1 A ACE AT e A RPN A A A
< Ir”[||T, [ 1M Il friaTie oy
=1

1 i

Since je{L,2,...,n}\{i},
k Ki_g ki1 Kis k
Tt ...Ti_llTj T Tynxe Orb({Ty ... TigTiu - Thh %),
and, by assumption, this (n-1)-tuple orbit tents to infinity,

k Ki_1+ ki K k
HTl TSI Tx

\—m as k>0, forall k; 20, j#i.

This, together with the above inequalities implies that

“lelTZKZ,,.Tnan‘—)OO as ki »> oo, forall kj >0, j#i,

which completes the proof. O

Theorem 2.2. If X is a Banach space and Ty, T,,...T, € B(X) are operators
with r(Tj)>1, 1<i<n, then there is a dense set D < X such that Orb(T;, x)

tends to infinity for every x e D and every 1<i<n. If, in addition, the operators
are mutually commuting and have at least one of the properties (P.1) and (P.2)

in Lemma 2.1, then the m-tuple orbit Orb({Tij}T:l,x) tends to infinity for every
xeD,1l<m<n and 1<i <ip <...<ip <n.

Proof. By Lemma 2.1, it is sufficient to prove the first assertion in the
theorem.

Let ze X and &>0. Since r(T;)>1 there is A; eo(T;) such that |A|>1,
1<i<n.If gq,CeRR arechosen such that
L<g<min{Ag],Aa],-[Anl}

and

e -1)°

0<C<—"—"—,

2(n+1)

then the sequences of positive numbers {(a; x )k>1 :1<i<n} defined with
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aj =Cq ™) 1<i<n, k>1,
will satisfy

Z Z ai,k <§. (21)

Ki<nk>1
If the sequence of operators (Sj)jﬂ and the sequence of positive numbers

(aj) j»1 are defined with
S(k—l)n+i =Tik and Ak-n+i = ik » for 1<i<n, k>1, (2.2)
then

2aj= 2 Xajk,
21 1<i<nk>l
and hence, by Theorem 1.1 (applied on (Sj)j»1 and (aj)j»1), the Spectral

Mapping Theorem and (2.1), the open ball with center z and radius ¢ will
contain a vector x e X such that for every 1<i<n and k>1,

[ = IS cgynsiX| > agcgynsi | Sk = ik ]
> Cg [ = cq g, "‘ _

Since, by the choice of q, |q_1ki |k—)ooa5 k —o0, for every 1<i<n, the
above inequalities imply that

”Tika—mo as k >oo0, forall 1<i<n,
which completes the proof. O

By Theorem 1.1 and Lemma 2.1 alone we can obtain similar result for
sequence of operators (Tj)j>1 in B(X).

Theorem 2.3. If X is a Banach space and (Tj)ij>; is a sequence of operators
in B(X) for which there is >0 such that r(T;) >1+8, for all i >1, then there
is a dense set D < X such that Orb(T;,x) tends to infinity for every xe D and

i>1. If, in addition, the operators are mutually commuting and have at least
one of the properties (P.1) and (P.2) in Lemma 2.1, then for every n>1 and

every positive integers i; <i, <...<i, the n-tuple orbit Orb({Tij}'J]:l, X) tends to

infinity for every xe D.

The proof of the first assertion in Theorem 2.3 is given in [6].
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The requirement “there is >0 such that r(T;)>1+f, for all i>1” in
Theorem 2.3 can be replaced with the following one: “r(T;) >1, forall i>1”. In

order to show this, first we are going to give an appropriate generalization of
Corollary 1.3.

Theorem 2.4. If X is a Banach space and Ty, T,,...T,, € B(X) are operators

-1
satisfying Z(rf:lHTi”“ <o, for all 1<i<n, then there is a dense set D < X

such that Orb(T;,x) tends to infinity for every xe D and every 1<i<n. If, in
addition, the operators are mutually commuting and have at least one of the

properties (P.1) and (P.2) in Lemma 2.1, then the m-tuple orbit Orb({TiJ_}T:l, X)

tends to infinity for every xe D, 1<m<n and 1<i <ip <...<ip <n.
Proof. Once again, by Lemma 2.1, it is sufficient to prove the first assertion
in the theorem. Let ze X and €>0.For 1<i<n, let ¢; >0 be such that

(S Jezry

By Lemma 1.2 there are sequences of positive numbers (b )x>1 so that

bj x —> o0 as k —» oo and

Z st < 2(n )

For 1<i<n and keN, let gy =€ibi,kHTi H . If the sequence of operators
(Sj)j=1 and the sequence of positive numbers (a;) > are defined with (2.2),
then Zjﬂaj <gl 2. Hence, by Theorem 1.1, there is a vector x e X satisfying

[x-2zl<e and for every 1<i<n and k>1,
X = Sge-gynai®]
> A(k-1n+ [ S-1yn+i]| = 8 k ¥ = et ¥ N T = it
This implies that

“Tikxuﬁoo as k > o0, forall 1<i<n,

which completes the proof. m
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Theorem 2.5. If X is a Banach space and (T;);>; is a sequence of operators

-1
in B(X) such that chf:lHTik“ <o, for all i>1, then there is a dense set

Dc X so that Orb(Tj,x) tends to infinity for every xeD and i>1. If, in

addition, the operators are mutually commuting and have at least one of the
properties (P.1) and (P.2) in Lemma 2.1, then for every n>1 and every positive

integers i <i, <...<i, the n-tuple orbit Orb({‘l’ij}rj‘:l,x) tends to infinity for

every xe D.
The proof of the first assertion in Theorem 2.5 the is given in [6].

Corollary 2.6. If (Tj)i>; is a sequence in B(X) such that r(T;)>1 for all
i >1, then there is a dense set D — X such that Orb(T;,x) tends to infinity for

every xeD and i>1. If, in addition, the operators are mutually commuting
and have at least one of the properties (P.1) and (P.2) in Lemma 2.1, then for
every n>1 and every positive integers i <i, <...<i, the n-tuple orbit

Orb({‘l‘ij}rj':l,x) tends to infinity for every xeD.
Proof. Let ieN. Since r(Tj)>1 there is A; eo(T;) so that [Aj|>1. By the
Spectral Mapping Theorem, for every ne N, Al e 5(T;") and hence,
" <rey <[
This would imply that

-1
n -n
Z?leTi H < malhi] T <o,
Now the conclusion follows from Theorem 2.5. ]

Having in mind that every invertible operator is bounded bellow, we have the
following corollary.

Corollary 2.7. If (Tj)i» is a sequence of invertible, mutually commuting
operators in B(X) such that r(T;)>1, for all i>1, then there is a dense set
D < X such that for every n>1 and every positive integers i; <i, <...<i, the

n-tuple orbit Orb({Tij}rJ-':l, x) will tend to infinity for every xeD.
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