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Abstract. In this paper 2-subspaces from 2-space X?, which are from one sided
branch 2-subspace type, will be taken in consideration. Then all its possible extensions

adding one element (u,v) and their complete description will be considered. Also, all

extensions of 2-skew-symmetric linear form defined on 2-subspace M ' Hahn-Banach
type will be considered, in the cases when one vector belongs in 2-vector from M , and
the other does not belong (u belongs and v does not belong and vice versa), as well as

cases when the two coordinates of (u,v) do not belong in M .

1. INTRODUCTION

Extensions of mappings is something that is often looked at in various
mathematical disciplines. One classical example of extension of a given
mapping is of course the Hanh-Banach theorem for linear functionals. One
version of it comprises the contents of the following theorem.

Theorem 1. Let M be a vector subspace of the vector space X . The
functional p: X — R satisfies the conditions

a) p(x+y)< p(x)+p(y)

b) p(tx) =tp(x),
for every x,ye X and t>0.

The functional f:M —R is linear and f(x)< p(x). There exists a linear
functional A: X — R suchthat A/M =f and —p(-x) < A(x) < p(X) .

Of course, it is worth mentioning here both the definitions, for 2-norm, and
especially for 2 semi-norm, which we will use many times further.

Definition 1. Let X be a vector space over the field ®. The mapping
|e,o|: X* — R, for which the following conditions are fulfilled

() Ix yl=0 ifandonly if {x,y}is a linear dependent set

@i0) 1% yI=ly, x| for arbitrary x,y e X

(i) |ax, y|H a ||| x, y|| for arbitrary « e ® and for arbitrary x,y e X

(V) [Ix+x,ylillx y I+ ', y|l, for arbitrary x,y e X,
we call 2-norm, and (X?,||e,#|]) we call 2-normed space.

Definition 2. Let X is a vector space over the field ® . The mapping
p:X? >R, for which the following conditions are fulfilled

(1) p(x,y)=0 ifandonly if {x,y} isa linear dependent set

(i) p(x,y) = p(y,x) for arbitrary x,y e X
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(iii) p(ax,y)= «| p(x,y) for arbitrary « e ® and for arbitrary x,y e X
(iv) p(x+x,y) < p(x,y)+p(x'y), forarbitrary x,ye X,
we call 2-semi norm, and (X?, p) we call 2-semi normed space.

It is worth to note here that for any 2-norm the following equation is fulfilled
1% yI=lx, y+ax]| , forarbitrary x,y e X and for arbitrary scalar a e @ .

Due to the definition of an n-norm and the definition of ann-semi norm it
turned out that, on the set X?, where X is a vector space over the field ® (@
is the field of real numbers or the field of complex numbers), it is convenient to
consider additional operations, two of which are partial and one of which is a
complete operation, with the aim of making the notation and considerations
easier.

Definition 3. Let X be a vector space over the field ® . The set X? together
with the operations

(X, 2)+(y.2) =(X+Y,2)

(2.X)+(z,y) = (z,x+Y)

A(X,y) = A(x, y)'
where x,y,ze X and Ae M, (®) is called a 2-vector space or 2-space.

Comment. The third operation in the previous definition is a complete
operation, and on the right-hand side of the equality is a multiplication of a
matrix with a vector.

Definition 4. Let X be a vector space over the field ® . The functional
A X?* — @ for which the following conditions hold

(@) A(x+Y,2)=A(x,2)+A(y,2), for arbitrary x,y,ze X

(b) A(X,y) =—A(y,Xx) for arbitrary x,y e X

(©) Alax,y)=aA(x,y), for arbitrary x,ye X and ae®.
is called skew-symmetric 2-linear form.

It is not hard to prove that the previous definition (Definition 4) is equivalent
with the following definition.

Definition 5. Let X be a vector space over the field ® . The functional
A X?* — @ for which the following conditions hold

(8) A(x+Y,2)=A(x,2) +A(y,z), for arbitrary x,y,ze X

(b) A(A(x,y)) =(det A)A(x,y), for arbitrary x,ye X and Ae M, (D)
is called skew-symmetric 2-linear form or simply 2-linear functional.

Completely analogously to the definition of 2-linear functional, which is
essentially a definition of a 2-skew symmetric form, the definitions of 2-
seminorm and 2-norm are changing and adapting.

Definition 2'. Let X be a vector space over the field ®. The mapping
p:X?— R for which the following conditions hold

@) p(x+vy,2) < p(x,2)+p(y,z), forevery x,y,ze X
(b) p(A(x,y)) = detA| p(x,y), Torevery x,yeX and Ae M, (D).
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is called a 2-seminorm and (X?, p) is called a 2-seminormed space.
Definition 6. The mapping || - | X" >R, n>2 for which it is fulfilled that:
(@) Ix,x, =0 ifand only if x,x, are linear dependant vectors;
(0) 1| ACx, x,) |IH det Al x,, %, ||, for all x,,x, € X and for all Ae M, (D);

(©) 1% + X, X ISl X, %3 1+ 1% %5 I, for all x, %, %, € X,
we call 2-norm of the vector space X , and the ordered pair (X,||-,-]|) we call 2-
normed space.

In this section a special type of subsets from X? will be considered
separately. In fact, we will consider subsets of X? which are from this type.

Definition 7. The subsetS, S < X* which is closed with respect to the

operations of the 2-space X? is called 2-subspace of X?.

Of course in these considerations the following two theorems are important.

Theorem 2. The intersection of an arbitrary family of 2-subspaces of the 2-
vector space X? is a 2-subspace.

According to the last theorem, each subset Ac X? determines a 2-subspace
S, , the smallest 2-subspace of the 2-vector space X* which contains the set A.
We will call the 2-subspace S, the 2-subspace generated by the set A, and
the set A -the generating set.

In this matter we will consider a special type of generating sets, i.e. a
generating set of the form M U{(u,v)}, where M is a special type of a 2-
subspace, and (u,v)e X? is arbitrarily given where {u,v} is a linearly
independent set.

The basic question which we will consider here is whether it is possible to
extend a 2-skew-symmetric linear form defined on some types, i.e. classes 2-
subspaces to a bigger subspace, in the sense of extension of linear functionals,
i.e. of the type of Hanh-Banach.

The main aim if all such considerations is whether we can prove the
following theorem or some of its variants.

Theorem 3. Let S be a 2-subspace of the 2-space X?, A:S—>R be 2-
skew-symmetric linear form, and p: X* — R be a mapping for which

(@) p(x+y,z)<p(x,z)+p(y,z), forall x,y,ze X

(b) p(tx,y)=tp(x,y), forall x,ye X and t>0.

There exists 2-skew-symmetric linear form A': X* >R ,suchthat AYS=A.

Each 2-seminorm satisfies the conditions a) and b) from the previous
theorem.

Furthermore, in many parts we may come across a special kind of subset of
X2 . One type of them is given in the following definition.

Definition 8. The subset T, T < X? is called n-invariant if AT T for

every AeM,(®), detA=1.
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The general structure of 2-subspaces is, of course, not simple. The simplest
forms of 2-subspaces are the kernel subspaces, loop subspaces, branch
subspaces and cyclic subspaces. Those are discussed and described in [6,7].

Solving the problem presented in the last theorem is of course not simple. An
affirmation of that is of course the complex structure of the2-subspaces of the 2-
space X?. Due to this, we will discuss partial cases of this problem.

In this matter we will look at extension of 2-skew-symmetric form defined
on a branch-2-subspace and extension of a 2-skew-symmetric form defined on a
cyclic2-subspace.

From here on, we will assume that the subset {x,x,,..,x,,..} is a linearly
independent subset of the vector space X, not excluding the case when it is
finite.

Definition 9. Let X be a vector space over the field ® . The 2 -subspace S
generated by the subset  {(x,%), (Xy, %), X5y X, )y ey (X, 45 X, )}, Where
{X, %;,..., X,,...} 1S linearly independent set is called a one-sided branch 2-
subspace.

These 2-subspaces are also called one sided branches, i.e. one sided branch
2-subspaces. In other papers two-sided branch 2-subspaces, which are sets that
are 2-subspaces generated with set in the form
Lo (X X gy Do (X X0 (X0 %), 060 %) (g X5 )y (X g X )}, WlL e also
considered. Parallel to this we can consider also 2-subspaces which are
generated with finite number of elements {(x,, X,), (X,, X;), (X5, X3 )s-eees (X, 15 X, )} -

A detailed description of branch 2-subspaces is given in [7]. That is the
content of the theorem that follows.

Theorem 4. If M is a branch 2-subspace generated by the set
L0400 %) (%0 X3 )y (Xgy Xy )yeves (X g X )} WHETE X, %,,00,%,,..} 1S @ linearly
independent set, then

M=) U L@

ieN{1} a ;,a,c®

X

e T &% %) < L (@, X

i+1

i+1 i+1 +ai—lxi—1lxi) .

In the following part we will consider extension of a branch 2-subspace M
with the addition of one element (u,v) as well as extension of a 2-skew-
symmetric form A:M — R to a skew-symmetric form on A':M'— R, where
M'=(M u{(u,v)})

The leading result in the description of the special 2-subspaces such as
cyclic, branch 2-subspaces, kernel 2-subspaces and loop 2-subspaces is the
following lemma:

Lemma. The subspace generated by the elements (x_;, %), (X, X1)s (Xi.1s Xi12) »
where {x,_,,X,%.., X%} IS a linearly independent set is
LB o X +00, X0 ) X LB X, + 00X X)) O L(@0 X0+ %0 %) x L@y, X,

The idea for such lemma is because here it seems as if we have put together
two branches, i.e.

+a,,%4,%)
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L(b,,,% ., + 0%, X, ) x L0, ,% , + D%, X,.,) (1)

1+27%+2 i+27%+2 (MR
and L(a,,X.; +8 1% 5, %) % L(a %, +a,% 5, %) )
Here, as its 2-subspace appears a set determined with

M ={(A(x,%.,)" | Ae M, (D)},
Addition of elements from (1) and (2) certainly is possible, but the result is
always an element which can be considered that belongs in one of these 2-
subspaces, i.e. either in (1) or in (2). If it belongs in both sunspaces, then it is an

element from the 2-subspace M ={(A(x,X.,)" /AeM,(®)}. That fact will
appear in the whole paper.

2. EXTENSION OF A ONE-SIDED BRANCH 2-SUBSPACE

Let A be a skew-symmetric linear form defined on a branch 2-subspace
M which is generated by the elements of the set

L0400 %) (%90 X5 )y (Xgy X )sevens (X g0 X )s-n» - WhHETE {X,%,,.0 X, } IS @ linearly
independent set. Let (u,v)e X* be such that {u,v} is a linearly independent
set. We denote the 2-subspace of X? generated by M u{(u,v)} by M"'.

Several cases are possible.
Case 1. u,v & L(X,X%,,ee, X, ,-..) , Where L(x,X,,...,X,,...) IS the subspace of X

generated by {x,%,,....X,,...}.

The 2-subspace generated by {(u,v)} is L(u,v)xL(u,v). Let us notice that
LU, V) N L(X, Xy 500, X, ) ={0} = A, . Accordingly,

M'=MuL(u,v)xL(u,v),
where M is determined in theorem 3.

O e
Xl XZ X3 >(4 XS
e o
u \

Case 2. Let ue L(X, Xyyees X;yer) ANA V& L(X, Xy ey X yenn) -

In this case we will consider several sub cases.

Subcase 1. u=x, forsome ieN, and v g L(X,X,,...; X,,-..) -

In this sub case there are two situations, i.e. u=x_or u=x, i>1. These
situations will be considered separately.

Situation i) u=x forsome ieN,i>1

In this situation from sub case 1, the set

{(Xi—l'xi)’(xi ) Xi+1)’(xi ,V)}:{(XH,U),(U, XM),(U,V)}
generates a 2-subspace which is a loop subspace and its form is

L= J LuwxL(uw),

el (3 1 V.%,1)

even when i=2. Now the proof is as follows.
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Simultaneously  the  sets P ={(%, %) (X5, Xg) ooy (%5, % 1)} and
P"={(X.1, Xi12)s (Xiszs Xira)sees (X 10 X )s -} Q€NETate 2-subspaces S, and S..
respectively, which are branch 2-subspaces. Here, one of them is finite branch
2-subspace, and the other is infinite branch, as it is the starting branch. We
should note here that when i=2, the 2-subspace P' doesn't exist, and we
consider only the 2-subspace P". But, we will continue with the second case
when P' exists. At the same time, they, as well as L are 2-subspaces from the
required extension M '. The forms of S,. and S,. are

i-1
SP’ = U U L(ak—lxk—l + &1 X Xk)>< L(ak—lxk—l + 8,1 X Xk)

k=2 a_;,a,,ed

©

SP" = U U L(ak—lxk—l + &1 X Xk)>< L(ak—lxk—l + &1 X Xk)
k=i+l a;,8,,€®

In order for us to see the form of M it is enough to consider several types
of addition of elements of L,S,. and S,. i.e. the following cases:
I (mn)elL, (X, y) € L((%_2: %i1), (X1, %))
2> (mn)el, (X¥)eLl((X_5:%_5)(X_5 %)
3 (mn)el, (xY)eL((% X.1) (X1, X.2))
4 (mn)el, (%Y)eL((X%.2) (X2, X,3)) -
In situation 1" we have
(m,n) = (B, (X 4 +aV+asX.,) +b,%, by (o X, + oV + X)) +0,%)
(X y) = (a(aX_, + BX) +aX . a(aX_, + fX) +a,X,) .
The sum of two such elements is possible in 2 cases:
a) a,=a;,=a=0, ba,=a,=5s, 3=b, =t
b) ,=a,=a=0, by, =3, =5, a,8=D, =t
In case a) the elements get the form
(b Xy +0,%, by X, +0,%) = (5%, +1%, by X, +b,%)
(@ B% +a,% 1, a8% +a,% ;) = (X, +X, 8 8% +a,X ),
and their sum is
(X1 +1x, (38 +Db,)X% + (8, + by )% ;) € L((X% 4, %)) = L
We similarly get for case b).
In case 2° we have

(X, y) = (a(aX_s + BX 1) + 3% 5, a5 (aX 5 + BX 1) +a,X )

(m,n) = (b (X4 + AV +aX% 1) +0,%, b (e X, + v+ X ;) +0,%)
The sum of two such elements is possible in 2 cases:

C) a,=a;=a=0, a,=b,=0, 3 f=ba, =5

d) a,=a,=a=0, a,=b, =0, a,f=b,, =5
In case c) the elements get the form

(X1, 83 8%y +8,%_,)
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(X, 0,0 % 5 +b, X))
and their sum is
(sx_y (@ +be) X, +a, %, +b,%) e L((X_,, X 4). (X_1. %) =M
We similarly get for case d).
According to that, in this sub case the extension is
M'=MuU (] L WxL(x,w).

el (X 1.%X.1)

. @ o—
Xi+1 Xi+2 Xi+3

Situationii) i=1.

In this situation, together with the condition that v is an element which
doesn't belong as coordinate in any of the elements in M , i.e. v L(X,X,,....),
we get that the 2-subspace M is extended and it is again a branch 2-subspace
from X?. In fact, that is a branch determined with the set v,x,X,,....X,,....,
which is not hard to describe.

Sub case 2. ueL(x,x;,,) forsome jeN, where u=x;,x,,.

Here, maybe it is more convenient to consider that
U=a X +a, X, eL(x, %), and veL(x,X,....) .

In this sub case we have u=ux; +vx;,, where u,v=0. The sets {v,u,x;}
and {v,u,x;,} are linearly independent sets. The sets K'={(u,v),(u,x;)} and
K'={(u,v),(u,x;,,)} generate 2-subspaces S,. and S,. and their forms are

Se. = |J Llav+pBx;,u)xL(av+ Bx;,u)

a,fed

Se- = |J Llav+ Bx,.,,u)x L(av+ Bx;,u)

a,ped

The general form of the elements of S,. is
(& (av+ Bx;) +a,u,a;(av + BX;) +a,u)
and of the elements of S,. is
(@ (rv+0X;,,) +a,u,8,(yv+0X;,,)+a,u).
Addition of the latter two forms of elements is possible in the following 2 cases:
a) f=06=0, a,=b, =t, aa=hy=s
b) p=6=0, a,=b,=t, a,a=hy=s.
In case a) the elements get the form
(sv+tu,a,av+a,u)
(sv+tu,byyv +b,u)

and their sum is
(sv+tu, (byy +a,a)v+(a, +b)u) e L((u,v)) =M
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The result in case b) is similar.
From the whole of the former discussion it is clear that
M'=MuUS, US,..

U =axj +bxj 4

Xi1 Xir2 Xiy3
We consider the sub cases 3 and 4 similarly.
Sub case 3. uel(X,...X), kK>3, U=aX +&% +a&% +G % +..t X,

aa, 0.

In this sub case, the vector u is not a coordinate of any of the 2-vectors in

M , so the extension in this sub case is the same as in the case 1.

Sub case 4. ue L(X;,.....%), k>i+3,

U=05% + 0 X + Xy + QigXig + 0y Xy +oey 40,3 # 0.

In this sub case, same as in the previous sub case, the vector u is not a
coordinate of any of the 2-vectors in M , so the extension in this sub case is the
same as in the case 1.

The case ugL(x,X,....X,,...) and vel(X,X,.,X,..) IS completely
analogously considered.

Case 3. Let u,ve L(X,X,,..., X;,-..) -

We will consider several possibilities, i.e. sub cases.

Subcasel. u=x, v=Xx,,.

In this situation in completely analogous way are considered also the case
i =1 and all other cases for i>1.

In this sub case L(u,v)=L(x;,x,,,), therefore we don’t have a true extension

of M .

Xj72 Xj—l Xj:U Xj+1:V Xj+2

The same is the discussion when the 2-subspace begins with the element x, .
In this case, the vector (u,v) is in fact the vector (x,x,) .

Subcase2. u=x, v=x,,, i>1

In this sub case, the pairs (x;,x.,), (., %.,) and (x,x.,)are included in the
generating of M ' so, accordingly, they define a kernel subspace S which is of
the form L(x, %5, %.,)xL(X, X, %.,) . Now, the subspace M ' is generated by
one kernel subspace S, and two branch 2-subspaces, one generated by
(%%, 0% s (% 21,06, %) @ the ONEr BY (X, 5,5) 05K, (s Xy (i Xy )

The form of S is

S = L(X, X Xi0) X LOG X400 % 12)

The form of the 2-subspace S' is
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S ]

i-1
U U L(a 1 X1 T 8a X %) X L@y Xy + 81 X010 %)
k=2 a_;,a.,,eP

The form of the 2-subspace S* is

S"= U U L@ X1+ B X X ) X L@ Xy + 81 X0 %)

k=i+3 a_;,8.,,€d

Let us notice that the addition of elements of S or S' or S" is again an
element of S or S' or S, respectively. Addition of elements of S' and S",
one from S' and the other from S" is not possible.

We will determine when addition of elements of S and S' is possible and
what is the result of that addition. Every element of S is of the form

(A% +BX,; 6%, 5, 8,% +bX,, +C,X,,)
and the elements from S' for which addition is possible are of the form

(d(ax_, + %) +ex ., d(ax_, + X)) +e,X% ).

Addition in this case is possible in the following two cases:

a) b=c =0, =0, dfB=a =5

b) b,=c,=0, =0, d,f=a,.

It is enough to consider the case a). Then the elements obtain the form

(SXi'aZXi +b2Xi+l +CZXi+2)1 (SXWdZﬁXi +e2xi—1)
and their sum is

(%, (8, +d,B)% +0,X 1 +C, X, +€,%,).

Therefore, the sum of these elements is an element from the 2-subspace T
defined by

T=|J Leuu)xL(x,u).

ULl (X1, X1, Xip2)

Now it is enough to determine the sum of the elements from the 2-subspace
T with the elements of the2-subspace generated by the elements of the set
{(% 3, %_5), (X5, %_1)}. The former are of the form

A(X, o % + X + X

i+l

AE *)
= (0% +b, (X4 + X + Xy + X, ) DX +0, (X + X + X+, X,))
The subspace generated by the set {(x 5, % ,), (X 5, % )} IS
U L(aX 5+ B% 4, % o) xL(aX 5+ B% 1, % 5)
a,Bed
and its elements are of the form
(@ (@X 3+ BX 1)+ 3% 5, 8 (aX 5+ BX 1) +a,X ). **)
Elements of the form (*) and (**) is feasible in two cases:
C)b=0,a=0=0,=0, =0, a,=0, boy =a,f=5s
d) b,=0, ¢,=a,=¢¢,=0, =0, a,=0, bo, =a,4=5.
In the case c) we have
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(%, by +b,2%; ;)
(SXi, 8, 8% 4 +a,%_,)
and their sum is
(X, % + (b, +a,B) %, +8,%_,) € L(yX_, + 0%, %) xL(¥X_, + %, X 4) .
The case d) is considered analogously.
Accordingly, in this case M " is the 2-subspace
M =M U(L(X, X0 %)) U U L(u, %) x L(u,x) v U L(v,X,,)xL(v,X.,)

UeL (% 1:%,1.:%:2) vel (%3 %:1.%)

Xi+1

..... . . .7
Qi—z Xiig X =U Xi2=V X3 X
Sub case 2’. u=x, v=Xx,.
In this sub case, the 2-vectors (x,,x,), (X,,%;) and (x;,x) which are in the

new 2-subspace, form a kernel 2-subspace from the form
S = L(x, X, X5) % L(x,, %, %;) . On it a branch 2-subspace is added on, with form

S'= U U L(ak—lxk—l &1 X X ) % L(ak—lxk—l + 81X Xk) .
k=4 a_;.a,cd

This new 2-subspace has form

M'=SuUS'

Subcase3. u=x,v=x;,i>land j>i+2.

This situation when i >1 is similar to the previous one. But now, additionally
appears one more loop 2-subspace with loop in the vector x; , besides the loop
x; which is analogous to the loop in x,. If i>2, then besides the appearance of
one cyclic 2-subspace, two loop 2-subspaces, one branch 2-subspace, appears
one more branch 2-subspace which at the same time is a finite branch, generated
by the elements (x;,x,), (X,,%;),..., (X_,, X% _,) . But now let's consider them one by

one.
In this sub case the ordered pairs (X, X;,;), (X.1s X 5)s-0 (X5 X)), (X5, %) form a

cyclic subspace S . Now, the extension is generated by one cyclic subspace S , and two
branch 2-subspaces, one S* generated by (X, X,), (X,, X3), s (X, 5, X; 4 ), (X4, %) and the
other S" generated by (X;,X;.;), (X215 X)) -wes (R X1 s (K X Dsevee -

The formof S is.

S= U[L(al+lxl+l + 8% 1, %)} L@y 1 X + 3%, Xi)] '

The formof S'is
i-1

S'= U U L(a 1 X1 T 8a X %) X L@ g X g+ X000 %)
k=2 a_;,8,,eP

The formof S"is
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0

S"= U U L(a 1 X1 81 %00 %) X L@ Xy + 34,0 %0 00 %)

k=j a_;.a,,cP

Addition of elements of S' and S", i.e. one element from S' and the other
form S is not possible.

We will consider the remaining possibilities for addition of elements of S,S' and S".
Let us notice that the sets  K'={(x_,, %) (X, %), (%, %)}  and
K" ={(x, %), (X1, %;), (X;, %;,,)} are generators of the 2-subspaces S, and S,.
which are subspaces of M'. At the same time they are loop 2-subspaces
generated by three elements. We have:

S = U Lux)xLx) and S..=  |J  Lv,x)xL(v,x)

UeLl (%, Xj1,Xj:1) VeL(Xi1:%i.%})
First we will determine when addition is possible between elements from
S.. and S,. and what will the result from the addition be. The elements from

S,. are of the form

(& (% + X + 0‘3X1+1) + blxj v, (X + X4 + a3Xj+1) + bZXj)
and the elements of S,. are of the form

(CL(BXiy + BoXig + LX) + A%, G (BXy + BoXiy + BoX;) +d,%) .

It is clear that addition is possible in two cases:

Q) a,=a,=f=p4=0, ao=d =s, ¢f,=h =t

b) a,=a,=p=5=0, a,0=d,=5s, ¢, =h, =t.

In case a) we have the sum

(X +1X;, (8,01 +d,) X + (€, 8, +b,)x;) € L((X, X))

In case b) we have the sum

(i +d)x +(c By +b1)xjvsxi +th) e L((x;, Xj))

Therefore in each case the sum is an element from the 2-subspace L((x;,x;)).

We will determine the sums in the remaining possibilities for addition in M’
We have the following possibilities:

I (xy)eS. and (m,n) e L((%3: % 2)s (%25 % 1))

2" (% Y) € S. and (m,n) € L((X.10 %i12)s (%20 Xi13))

3 (xy)eSy. and (m,n) e L((X;_5,X;5), (X5, X 1))

4 (x,y) €Sy and (m,n) € L((X},3,%;,2), (X5, X},1))

In 1 the elements from S,. are of the form

(CL(BXiy+ BoXin + BaX;) + A% G (BiXi s + BoXiy + PoX;) + X,
and (m,n) = (a,(aX 5+ B%,)+bX ,,a,(aX 5+ L% ,)+b,X ,)).
Therefore, addition is possible in the following two cases:

¢) f,=p,=0, a=0,b=0,d, =0, cf=a4=t

d g,=p=0, a=0,b=0,d,=0, ¢, =a,3=t

In the case ¢) we get
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(txi—ll Czﬂlxi—l + dZXi)

(X1, 8, 8% 4 +b,%,)
and for the sum we get

(X4, (€8 +a,8)% ; +d,% +b,% ) € L((X_5, % 1), (%1, %))

The case d) can be analogously considered.

Similar results are obtained in 2°, 3° and 4 with the results of the additions
being elements of the 2-subspaces L((x;,%,.): (X1, %.2)) s LI(X; 20 X;0): (X, %))
and L((;,2,%;.1), (X;,1,X;)) respectively, and also being elements of M .

The remaining cases for addition, when it is possible, are addition of

elements M and they again belong to M .
Finally, we can conclude that in this sub case:

Xj+1

M'=Mu |J Lux)xLux)u | LEx)xLyx,).

uel (g, %.1,X;) Vel (X1, %, Xj1)

The sub case u=x,,v=x;, >4, due to its specifics we will consider it

separately.
In this situation we have that the vector x, is a loop element, same as the vector

V=X,
Subcase3’. u=x, v=x;,j>3.
It is enough to consider the situation when j=4. In this situation, we have
2-vectors (x,X,), (X,, %), (X5, %,), (X,, %) , which belong in the new 2-vector subspace.

According to this, they form a cyclic 2-subspace, which we didn't have before. Its form
4

is S= U U [L(ai+lxi+l +a X g, X)X L(@, X A, X, X ] )

i=1 a,,8,€d
which is at the beginning, and then follows a branch 2-subspace generated from
already existing 2-vectors (X, %), (Xs, X;),-... Its formis

©

S'= U U L(ak—lxk—l 841 X1 Xy ) % L(ak—lxk—l + 1 X1 Xk) .
k=5 a3, €P

But, here appears one loop 2-subspace for which a loop element is the vector
X, . Its form is
"= |J  Lwx)xL(wx,).
wel (X;,X3,X5)
Between the elements of these three types of 2-subspaces should be
determined addition and we should see what will the results be.
In any case, we have that the extension of this 2-subspace is M'=SUS'US"
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Subcase 4. u=x, v=cx,, +dx,,, where cd =0 for some i>1

i+1 i+21

V =CX)\q + 0Xj,

..... 4& ‘
-2 X Uu=X Xi+3

Xit1 Xiy2

Now, because the 2-vectors (v,u),(x.,,,u) € M ", we get that also the 2-vector

i+17

1 0 - 0 L 0 1 0
d {(V,U)+|: :|(Xi+1'u)]: d ((cxi+1+dXi+2'Xi)+(_cxi+1’Xi)): d (A% 50 %) = (X0 %) M’
01 01 01 01

According to this, in this new 2-subspace belong the 2-vectors

(U: Xi+1) = (Xi ) Xi+1)l (Xi+l7 Xi+2)7 (Xi+27 Xi) = (Xi+27u) )
and together with that also the kernel subspace generated by the vectors
X, %10 X, - NOW it is clear that this extension is equal to the extension in the sub
case 2 of this case.

Subcase 5. u=x , v=ax, +bx,, ab=0.

In this situation the vectors x,x,,ax, +bx, form a triple of vectors which are
linearly independent. According to this, the triple of 2-vectors

(X, %) = (U, %), (X, ax, +bxy) = (X,,V), (ax, +bx;, x,) = (v,u) ,
form a kernel 2-subspace in the new 2-vector subspace M '.

But now, since the 2-vectors (v,u), (x;,,,u) € M ', we get that also the 2-vector

1 0 -a 0 1 0 1 0
b [(V7X1)+|:0 1:|(X21X1)]: b ((ax2+bx3,xi)—ax2,x1))= b (bX3,X1)=(X3,X1)EM"
01 01 01

According to this, the 2-vectors (u,x,) = (x,,X,), (X, X,), (X, %) belong in this new
2-subspace, and with that also the kernel subspace which is generated by the
Vectors x, x,,x; . Now it is clear that this extension is equal to the extension from

sub case 2" in this case.

Additionally, as an extension of this 2-vector subspace appears the branch 2-
subspace which is one sided branch and is generated by the elements
(%, %,), (X, %),.....Parallel to this we have vector v=x, for which we ask the question
whether it can be a loop of a loop 2-subspace generated by the kernel 2-sub-
space which is already generated by the element x,. Of course the answer is yes,

it is a loop of the kernel 2-subspace generated by x,x,,x, and the 2-vector (x,x,).

: _;§2X2+a3x3
u=x X X

2 3 4 5

Sub case 6. u=x , v=x;where j=i+3.

i-2 X1 X =U Xj;3=V X4 X5
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In this sub case we will consider two situations, i.e.:

a)i=1, and b)i>1

Situation a)

If i=1, then we have a cyclic 2-subspace generated by the 2-vectors
(%5 %), (X5, X5), (X5, X,), (X,, %) . Then this 2-subspace is followed by loop-
connecting 2-subspace with a loop in x,. It is generated by the 2-vectors
(%5, %), (%, %), (%, %,) . Then, from x, on, is followed a branch 2-subspace,
which is one sided.

Situation b)

This situation is completely analogous to the situation a), and here the role of
the vector x takes the vector x . Additionally, we have that the vectors
X, X,,-.-, X;_, fOrm a branch 2-subspace, which is a subspace from M '.

Sub case 7. u=ax +bx,, , v=cx,, +dx,, where ab=0 and cd =0

i+l 1 i+1 i+2

U=axj +bxj;q V=0CXjq+0dX,0

i-2 X1 X Xivw  Xi+2  Xii3
In this sub case we have that the 2-vectors (v,u) and (x,,,u) belong in the
new 2-subspace M ', so, in this 2-subspace belongs also the 2-vector

1 1 1
d ° [(Vru)‘{_c 0} (Xi+1lu)j: d ° ((CXHI+dxi+2’u)+(_cxi+2'u)) =|d 0 (dx;,5,U) = (X;,5,U)
01 01 01 01

Now it is clear that we have 2-subspace which is fully analogous to the 2-
subspace which is generated as in sub case 4 from this case, which is equivalent
with the sub case 2, and this sub case is fully described. So, the 2-vectors
(Kiias X500 )s (K000 %), (X, %, ) @ll belong in M ', where from we get that the kernel

2-subspace generated by them is also a subspace from M '. So, the kernel 2-
subspace generated by (x;,,,v),(v,u),(u,%,,) is consisted both in the kernel 2-
subspace generated by (X.,,%.,), (X, %), (%, %,,), ad in M'. In any case, we
have 2-subspace determined with

M'=Muy LZ(Xile’an) .

In some form we should consider the role of the vectors x, and x.,. The
vector x._, inthe case i=1 is also a loop element of the 2-subspace generated

i+2

from any two linearly independent elements from the kernel 2-subspace and the
vector x;_,.

In this case it is certain that x, =x,, then M " begins with kernel 2-subspace,
as already described, and continues through the loop x., in a branch 2-
subspace. If i=2, then in M we have two loops x, and x.,, i.e. two loop 2-
subspaces, one of them a kernel 2-subspace and the other one is one branch 2-
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subspace. If we have i >3, then we have two branch 2-subspaces, one of them is
a kernel 2-subspace and two loop 2-subspace.
Sub case 8. u=ax +bx,, , v=cx,_, +dx

i+2 i+3

where ab=0, cd =0 and i>1.

i+l 1

In this situation the vectors u,x_,,x_,,v are four linearly independent

1N+ N2

Xiy1 + 00X, o

-2

Xicg X Xis1  Xir2 o Xi43

elements. Here, all four pairs of elements (u,x;.,), (%.,, %.,), (%,,,V), (v,u) belong

in the new 2-subspace M ' and they for themselves form a cyclic 2-subspace,
which at the same time is 2-subspace which is also in X?and is a part of M '.
Now, it is not clear whether we can consider the elements u and v everyone of
them separately for loops of two 2-subspces.

Sub case 9. u=ax +bx, , v=cx, +dx,, where ab=0, cd #0

This sub case is fully described in sub case 7 from this case.

Subcase 10. u=x, v=ax,,+bx 5, i>1

In this situation we have a sub case which is analogous to the previous case.
But, now since i>1, we get that the vectors x,Xx,,...x_, are linearly

V=aXjp + bXi+3

..... 4& . . .7
i-2 X1 UgX Xi+3 X4
i

1 Xy

independent and the pairs of 2-vectors (x;,%,),(X,,X;), -, (X 5, % ;) form finite
branch 2-subspace. Additionally, in relation to the previous sub case, the vector
u=x will be a loop element of a loop 2-subspace.

Sub case 11. u=x, V=a;X; +a; X, +a;,X;,, + X, 5, Where i can be any
positive integer, as well as j,and a,a; ,#0 .

Here, we are interested only the end cases, because the remaining case is the same as
for the two-sided branch.

Situation 1. u=x, V=aX +a&,X, + &%, + a,X, , where q,a, #0.

The vector v is not a coordinate of any 2-vector from A . Enough reason for this is
the fact that «,, , # 0. According to this, the branch generated by x,, x,, X,,.... IS simply
supplemented with a first element v=x, and that will be a new branch
V=X, %, %, Xm0 s

Situation 2. u =x,, V=X +a,X, + aX, + X, , where oy, #0.

From the condition ¢, «, # 0, we have that the vector v is not a coordinate of any 2-
vector from M . According to this, the 2-vectors (x;, X,), (v, X,), (%, %,) form a loop 2-
subspace S' which has the form

S'= |J Lwx)xL(w,x,).

wel (x,V,%3)
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The vector x, is ending vector of an one-sided infinite branch, i.e. x,,x,..... We
will denote that 2-subspace with S . So,

M'=S'US.

Situation 3. u=x,, V=X +a,X, + %, + X, , Where e, #0,

From the condition «;,, # 0, we have that the vector v is not a coordinate of any 2-
vector from M . Now, on the vector u = x,, as basic vector, one 2-subspace S' is

generated and it is a loop 2-subspace. Its generator elements are
(U, %,),(u,x,), (u,v) . The vector (x,x,), which is attached to itself in this loop 2-

subspace, which is trivial. That is the subspace S"={4(x,x,)/ 4eM,(D)}.
From the other side the vectors x,,X,X;,X,... form one-sided branch 2-
subspace S™ which is also attached to the loop 2-subspace which is previously
described. According to this, in this case the extension is

M'=S'US"US™

Situation 4. u =x,, V=X +a,X, + aX, +a,X, , where oy, #0,

In this situation we have similar position as in the previous three cases. Because of the
condition ez, # 0, the vector v can not be a coordinate in any vector from M . Now,
the vector u =x, will become loop centre of the three 2-vectors (u,x,), (U, Xs), (U, V)
which form a loop 2-subspace S'. The previous 2-vectors (x,X,),(X,,%;) form

finite branch 2-subspace which will be denoted with S*", and the vectors from
the sequence x,Xs,.... form branch 2-subspace which will be denoted with S™.
Finally, this 2-subspace will be

M'=S'uS"US™.

Situation 5. u=xy, V=X +a,X, + X, + X, , Where aqer, =0,

This situation is almost identical to the previous situation. Here, the starting branch 2-
subspace S" is generated by the 2-vectors (x;,X,),(X,,%,),(%,,,X,). The vector
u =X, isa vector which is a loop element for the new 2-subspace M ', which will be
denoted as S'. It is a basis of the 2-vectors (x,,u),(xs,u),(v,u). On the other
hand, the vectors x,,x,,.... form a branch 2-subspace S™. So,

M'=S'US"US™.

Situation 6. u=x, V=a,X, + X, + a,X, + &:%; , Where a,a, # 0,

The proof is trivial. It is the same as if to the vector x, is added one vector, and
now the vectors v, x;, X,, X,,.... form a branch 2-subspace. Certainly, the vector
v does not belong in any coordinate of the 2-vector from M .

Situation 7. u=x, V=aX, + X, + X + ;% , Where a,a, # 0,

The proof is trivial. It is the same as if to the vector x, is added one vector, and
now the vectors v, x;, X,, X,,.... form a branch 2-subspace. Certainly, the vector

v does not belong in any coordinate of the 2-vector from M .
In this situation we have one vector which is a coordinate of a 2-vector from M and
one vector which is not a coordinate of a 2-vector from M . The discussion here is same
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as in all other cases. The rest of the cases. ie. when we have indexes i and
j,j+1j+2,j+3,where i < j we have totally analogous situation as in the situation 7,
which is true for every v = a;X; + o, X, + &}, X, + &} 5X,5, | >3.

Sub case 11°. u=x, V=aX; + @, X, + @, X, + & X5, i >1 where i can
be any positive integer greater than 1, same as j, where .« , #0 .

J T j+3
We should mention here that one vector u is always a coordinate of 2-vector from M
and the other vector v is not a coordinate of none of the 2-vectors from M .
Here, we are interested only the ending cases, because the rest of the situations are
same as the ones for the two-sided branch.

Situation 1. u=%, V=0 X, +&X + &, X + .0 %, Where o,

i+2 * O
Situation 2. u=x, V=a;X + &1 X + %, X0 + %3 %.5, Where a,a;,, # 0

i+17%N+1 i+27%+2 i7i+3

Situation 3. u=x, V=a; X, + & X, + &%, + &, %, Where o, ,a, , 20,

i+17%N+1 i+27%+2 i+37%+3 i+47%+4 1

Situation 4. u=x, V=a;, X, + %,3%.3 + %4 X4 + %5 %5 , Where o, #0,

i+37%+3 i+47%+4 i+57%+5 7

Situation 5. u=x,,,, V=q; ;X , +&X + &, %, + &%, Where o, o, , #0,
Situation 6. u=x,,,, V=0 X +&X + &, %y + ., X, Where o ., , #0),
Situation 7. u=X,,, V=0 X + & X + &, % + &, %, Where o, ., #0),
Situation 8. u=x.,, V=, X, +aX + & %, +&,,X.,, Where o, o, 20,

The discussion are as in all the other cases. The rest of the cases, i.e. when
we have indexes i and j,j+1j+2,j+3, where i< j we have totally analogous
situation as in situation 4, which is true for every v =a;X; +a; X, +@;,,X;., +@},3X;.5, |>1

Sub case 12. u=aX +a, %,
where a;a;,, #0.

This case is possible because the element v is not a coordinate of none of the
elements of the 2-subspace M , but it is still element of the vector space X . Same case
can  be considered also for a wvector v, in the form
V=X 0 X X, X, et g, X, Torany k which is bigger than
3, but here a;a;,, #0. There is no essential difference from this aspect.

In all this situations, for the vector v, we have ¢, ,a,,#0,0a,,#0,
#0 and o ¢, #0. With this it is generally obtained that this

i+2
vector in neither of this situations can not belong. i.e. to be a coordinate of any 2-vector
from M .

Situation 1. u=gx +a,,X

i+17%+1 7

V=X + X QoK T X, 1>1

i+2

ai+lai+4 #0 1 ai+2ai+5

V=0 X X o Xy, T ,X,,, Where o e, # 0.

' 0 g

., 0
The vectoru = ax, +bx,., ,belongs to the 2-subspace S = {A(xi,xm)/ A:P‘1 }}
Since v doesn't belong in M , this situation is like the sub case 2 of case 2.

Situation 2. u =X, + @1 X,y V=06% + 0 X + GoXieg + isXig, Where aia, 5 # 0.

i+17%+1 i+27+2 i+3%+3 7 ii+3
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The vector u=ax +bx belongs to the 2-subspace

i+1 7
S :{A(xi,xm)/A:{Og }} Since v doesn't belong in M , this situation is
ai+l

like the sub case 2 of case 2.
Situation 3. u=aX + @ Xy s V=04, %0 QX + GgXg + X, Where o o, #0

The vector u=ax +bx,,, belongs to the 2-subspace

i+4

S ={A(xi,xi+l)/A=[Og }} Since v doesn't belong in M , this situation is
ai+l

like the sub case 2 of case 2.
Situation 4. u=ax + ..., , Xy H O
Same as in situation 3.

Situation 5. U=, X, + & X o » V=04 X+ + QX% T, X.,, Where o, #0.

Same as in situation 3. Here, for the vector u =« . %, + ;,,%,, belongs in the 2-
Q, 0
subspace S = {A(xm, X.,) A= { e }} :
0 ai+2
Situation 6. U=a,,,X,, + QX5 V=0 % TaX +0, %, +,,%,,, where «_,a, , #0.

Same as in situation 3. Here, for the vector u =« , X, + &;,,%., belongs in the 2-

i+27%+2 i+37%
: 0
subspace S :{A(xm,xm)/A:{a'+2 }} .
0 .,

V=0 X o o, X, X, , Where o a,, #0.

41741 i+2%+21

V=0 X%+ QX + X + sXs  WHEre o a5 # 0.

i+57%+5 1 i+5

i+2
i+2

Situation 7. u=a X ..+ X

i+37+3 i+47+4 0

Same as in situation 3. Here, for the vector u = &, ,x,,, + &, %, belongs in the 2-

i+3

a; 0
subspace S = {A(xm, X..) | A= { 53 }} :
i+4

Subcase 12°. u=ax +&,X,, V=0aX; +a; X+, X, + X5, Where a;a; , #0.
In all next situations of this sub case we have that the vector belongs in the 2-subspace
generated from one element, i.e. from the element u=ax +a;,,X,,. The vector

i+17%N+1 "

V=aX+ap X, +ag,,X ., o ,X,, IS not a coordinate of none of the vectors in the

JER S BN jr2Nj+2 j+37j+3
2-subspace M '. Here, the vectors x;,v,x, are linearly independent. In the beginning of
the branch they form a loop 2-subspace. The sequence of vectors x,, X,, X, X, ... form a

branch 2-subspace. According to this, for any of the next four possible situations, we have
that the 2vector subspace has form M'=S'US",

where S'= U L(w,u)xL(w,u) ,as"eS"= U U L (@ 1%+ @i Xign %)

wel (X;,V,X;) k=4 a; 1,0,
Situation 1. u =X, +a,X, , V= BX + ByX, + LoXs + B, X, , Where 5,3, =0
Situation 2. u=a,x, +a,X, , V= B,X, + ByX; + B, X, + X , Where S,/ # 0
Situation 3. u=a X +a,X,, V= B.X + B.X, + X + B X, , where 3,5, #0
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Situation 4. u=ax + X%, , V= B,X, + L% + BX% + %, , where 8,3, #0

In all situations from situation 2 to situation 4 we have exactly the same position: one
vector that belongs to the starting branch 2-subspace. The second vector is not a
coordinate of none of the 2-vectors that belong in the starting 2-subspace. Everywhere we
have a situation in which the sub case from case 2 is repeating.

Sub case 13, U= X+ X X T K et O X and

+o.ta, X, where k,s>3. Here i and j

j+3 jrsNj+sy

i+k

V=(Z1Xj+a’» Xi ta. X, +0a; X

JHLI7M 41 j+27j+2 j+3

can be any positive integers.

In this situation, nether the vector u nor the vector v are not coordinates of a 2-vector
from M , so, according to this, this sub case is the same as the case 1.

Sub case 14. u=ax +a,%,, V=BX + B X0+ B;.X.,  Where e, #0 and §,8,,, #0

This sub case is absolutely possible, and u and v are vectors which are
coordinates of some 2-vectors from the 2-subspace A/ . Now we have

Situation 1. v=Bx + A% +B% , BB, #0

Certainly, we have here elements which are parts from the 2-subspace M . One such
element is certainly the element (x,,v). Now, because (x,,u),(u,v. are also from

M", we get that the kernel 2-subspace L*(u,v,x,) is a 2-subspace from A'. Now,
additionally we have that the vector u is a loop for x;, x,,v which is a loop 2-subspace,
and will be denoted with S . The vectors X, X,,.... form a one-sided branch 2-subspace
which will be denoted with S' . So,

M':MuLz(xl,u,v)uSuS'.

Situation 2. v=8,x, + % + % , BB, % 0.

It is clear that the vectors x, x,,v form a loop 2-subspace around the loop vector u ,
which will be denoted with S. On the other hand, the 2-vectors
(U, %,), (X,,%,), (%5,V), (v,u) which belong in M "', form a cyclic 2-subspace which
will be denoted with S*. The vectors x, X, ....,X,,... also form one-sided branch
2-subspace which will be denoted with S". So, we have that

M'=MuUSUS'US"

Situation 3. v= 8%+ 8%, + A% , BB #0,

In this situation we have totally analogous case to the previous situation, but here the
cyclic 2-subspace now is generated by five vectors i.e. (U,X,),(%,, %), (X5, X, ), (%, V), (V, ) .

The rest of the elements from the structure are completely the same as in the
previous situation. So,

M'=MuSUS'US"

Sub case 14’ u=a,x +a, %, V=X +B.Xa+ Bi..X.., Wwhere e, #0

i+l il
ande,a;,,#0,and i>1.

This case is absolutely possible, where u and v are vectors which are
coordinates in some 2-vectors from the 2-subspace M .
Situation 1. u=aX + @, X, V=8 X+ 8% + 8. %4
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From the definition of u and v is clear that the 2-vectors (x,u),(u,v),(v,x;)
form a kernel 2-subspace from M ', which will be denoted with S . The vectors
X, %,,..., X, (if there's any, i.e. if i>3) form a finite branch 2-subspace which
will be denoted with S'. The vector x_, will be considered for a kernel 2-
subspace which in a loop connects any two vectors from the kernel of the
extension, together with the vector x_,. This 2-subspace from M' will be
denoted with S". At the end, the vectors x_,,x.,,... form one sided branch 2-
subspace which will be denoted with S™.

So, thisextensionis M'=M US'US"US"US.

Situation 2. u=a, X, + & X0 V= 8%+ B X+ BoXis-

This situation is completely analogous to the previous situation 1.

Situation 3. u= X + @, % V=X + BuoXie + BusXis -

This situation is analogous to the situation 2 from the previous sub case. The
discussion is the same.

Situation 4. u = A%+ XXy V= L% + BusXis + BiaXig -

This situation is analogous to the situation 3 from the previous sub case. The
discussion is the same.

Subcase 15. u=x , i>1, V=a X, +a; X +,,%., , Where a;a,,, #0

This case is absolutely possible, and here u and v are vectors which are
coordinates of some 2-vectors from the 2-subspace M .

Situation 1. v=a, X, +aX +& X, , & ,a,, #0,

In this situation is enough to suppose that u = x,. The rest of the situations are
considered as an addition to this situation. If u=x,, then from
V=X +a,X%, +agX,, We get that essentially we do not have an extension of M ,
because (u,v) = (X,, % + &, X, + ;%) € M . So, in this situation

M'=M

In the situation when i> 2, the vector x_, is a loop element of the 2-subspace in
which are included as 2-vectors (x ,, % ,),(V,X ), (X.,,X_,) . That 2-subspace will be
denoted with S . Additionally one more 2-subspace can appear, and that is a finite
branch 2-subspace, which will be generated from the vectors x,x,,.....%_,, and

Xz s
will be denoted with S'. So, now we have that

M'=MuUSUS".

Situation 2. v=a;x + X, + &%,

In this situation we will make additional assumptions that u = x,. In this situation
we have that v=a,X, + a.x, +a,x,, where (x,,v),(x,,X,) are vectors from M , and
(v,u) is a2-vector which we add. So, we have a real extension, where those three vectors
form a kernel 2-subspace from X ? , denoted with S . Additionally, the vector u is a loop
for the 2-subspace from M ', in which the 2-vector (x,,x,) is included also, and is

denoted with S'. In this 2-subspace there will be another loop element, and that is the

Xisgy &, #0.
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vector x,, which will be denoted with S", and in it belong any two vectors from
the kernel 2-subspace, together with the vector (x,x,)=(x,u). So, in this case
we have that

M'=MuUSUS'US".

We have a completely analogous situation when the vector u = x, will be any
vector u=x,i>2, and here additionally we will have one more branch 2-
subspace S™. In this case we would have that

M'=MuSUS'US"US".

Situation 3. v=a; X, + &, %, + %5

In this situation we well make the same additional assumptions, for which u = x,, and
the case u=x will be considered additionally. In this situation we have that the
vector u=x, is a loop 2-vector for the 2-vectors (u,x),(u,x,),(u,v) and the 2-
subspace that they generate will be denoted with S. The vectors
(U, %), (U, %,),(x,,V),(v,u) are four vectors which form a cyclic 2-subspace,
denoted with S'. Additionally, the 2-vectors x,X,....,X,,... form one sided
branch 2-subspace, denoted with S". Finally, this extension of M will be

M'=MuSUS'US".

If we have extension with a vector u=x, i>2 then additionally we will have
one more 2-subspace which is a finite branch generated with the vectors
X, %,,..., %, and which will be denoted with S™. In that case we will have an
extension in the following form

M'=MouSuSuS"US".

Situation 4. v=a; ,X ., + . X s T A 4 Xiar Xn@y 0.

In this situation we have totally analogous picture as in the previous example, except
that in this case we will have that the number of generator elements of the cyclic 2-
subspace is for one 2-vector bigger than before.

Sub case 15°. u=x V=aX; +a, X, +a,,X,,, Where a,a;,, #0

This case is absolutely possible, and here u and v are vectors which are
coordinates of some 2-vectors from the 2-subspace M . Here, we should especially see
the case when u=x, and j>1 is any positive integer. The previous cases are
completely analogous as in the example of two-sided branch.

Situation 1. v=ax + &%, + &% , o, #0.

In this situation we have that the 2-vectors (u, x,), (X,,v), (v,u) which belong in M
form also a kernel 2-subspace S in M. According to this, in this situation we
have a kernel 2-subspace, which is connected to a loop 2-subspace S' and at the
end of the last kernel 2-subspace is attached a one sided 2-subspace. So,

M'=MuUSUS".

Situation 2. v=a,x, + a,X, + a4, X, , &, #0

In this situation we have one cyclic 2-subspace determined with the 2-vectors

(U %), (%, %5), (%5, V), (V,U)

Xi+3 ! ai+lai+3 #0.

j+2
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which will be denoted as S . On the other hand the 2-vectors (x,,x,),(X,,%s), (X,,V)
form a loop 2-subspace which will be denoted as S'. The rest of the vectors
Xsy Xgs X7, X,y X150, AFE Certainly a part of M . According to this,

M'=MuUSUS'

Situation 3. v=a,x, + &, X, + X , 2,0 # 0.

In this situation we have only a movement for one element in comparison with the
previous case. Here, the generator elements of the cyclic 2-subspace are the elements
(U, %), (%, X5), (%5, %,), (X4, V), (v,u) , @and this cyclic 2-subspase we will denote as S .
The loop 2-subspace we will denote with S', and it is generated with the
Vectors (x;,X%,), (X, %), (X, V) . The rest of the vectors x,,x,,%,...,X,,... forma one
sided branch 2-subspace. So,

M'=MuUSUS".

Situation 4. v=a,x, + g% + o % , 2,0 # 0.

This case is the same as the previous case, just moved for one element to the right.

Sub case 16. V=X, +a X+ X, U=BX+BoXu+BusXnr 1<],
where a;a;,, #0 and B f,, #0.

It is clear that for any i and ; we have that the smallest variant for u and v is that
they have the following form u = &, x; +a,,%;,, and v= X +B.,X., -

Situation 1. u= X + Bo%, + BiXs, V=X + %, + a5,

The 2-vectors (x,,u),(X,,V), (u,Vv) belong in the 2-subspace M ', so, according to this
also the kernel 2-subspace S generated by them is a subset of M . Additionally the
vectors x,,Xs,.... determine a one sided branch 2-subspace, which is a subspace
both from M * and from M . It will be denoted with S*. According to this,

M'=MuSUS'

Situation 2. u= Bx + Bo%, + BiXs , V=X, + &% + o %, .

The 2-vectors (u,X,),(X,,%,), (X;,u),(u,v) are four vectors which form a cyclic 2-
subspace from X?, and because they belong in M ', they are a 2-subspace from M ',
too, which we will denote as S . If we have in mind now also the 2-subspace M , then we
get that

M'=MuUS.

Situation 3. u= Bx + BoX, + BoXe, V=X, + X%, + 5%

We will consider the 2-vectors (u,x,),(X,, X,), (X, X, ), (X,, V), (v,u) which for itself
form a cyclic 2-subspace, with five generator elements, which we will denote as S . With
necessary calculations made, we get that the 2-subspace M ' is in fact determined with

M'=MuUS.

Situation 4. u=Bx + % + X% , V=a,X, + X + X

In this situation we have a 2-subspace which is equal to the 2-subspace determined in
the previous situation 3.
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Completely analogous are considered all 2-subspaces which are determined
with such 2-vectors. The most that can happen is to have at the beginning a
finite branch 2-subspace generated by x,x,,...,X , -

Sub case 17. u=aX + & X1, V=0%+ B X.0,i< |, o, #0, a,,#0.

Situation 1. u=a,x + &, %, , V=BX + BX,

In this situation we have a 2-vector which belong to the 2-subspace M ', and that is
the 2-vector (u,v), for which all is already defined, like the value A(u,v). This
is practically the same as the sub case 2 of case 3. In other words, there is no
extension of M .

Situation 2. u=a;x, +a&,%, , V=L,%, + X,

In this situation, the two vectors belong in the 2-subspace M , but here we have an
extension of M . Regarding the extension, we have a completely same situation
as in the sub case 7. So, the vectors x,x,,x, essentially form a kernel 2-
subspace, and to it a one sided branch 2-subspace is attached. In this situation
we would have that

M'=M UL(X,X,, %) x L(X, Xy, %) -

Situation 3. u=a,x +a,%, , V= B% + B,X,

In this we have that the four 2-vectors (u,x,),(X,,X%,),(%;,V),(v,u) form cyclic 2-
subspace, denoted as S . Now, the extension of M would be

M'=Mu U L(w,u)x L(w,u) v U L(z,v)xL(z,v)US

wel(v,x,%) 2eL(U,X5,%;)

Situation 4. u=ax + X, , V=BX;+ B, X1, j>3.

This situation is the same as the previous situation, but here the number of the 2-
vectors that form the cyclic 2-subspace is bigger. Here, those 2-vectors that form the cyclic
2-subspace are (U, X,), (X, %), (X3,%,),..... (x;,v)(v,u) and as before, it will be
denoted with S . In this situation we would have an extension in the form

M'=Mv U L(w,u)x L(w,u) v U L(z,v)xL(z,v)US

wel (v, %) ZeL(U,X; X}21)

Situation 5. u=a; X + @, X1, V=8%+ L%, 0 >1.

In this situation, we don't have extension of the 2-subspace M , because (v,u) is a
vector from M , which belongs to the 2-subspace

S={(x, V) AX;, X1), Ae M, (D)} =M.

Situation 6. U=, X + &, Xi,1s V=B 1%+ 82X, 1 >1.

In this situation we have a real extension of the 2-subspace M . Now, the
kernel 2-subspace generated by the 2-vectors (u,x,,),(X,,,V),(v,u) in fact, same
as in sub case 7 from this case, is extended to 2-subspace which is determined
with (%, %.1), (X1, %i,2), (X5, %) and it will be denoted with S . So, we have

M'=Mu U L(w,u)x L(w,u) v U L(z,v)xL(z,v)US

Wel (v, 1) 26L(U X1 Xi12)

Situation 7. u=a, X, + & X1y V=L 2 %0 + BsXiiz i >1.
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In this situation we have an extension of the 2-subspace M . Now, the 2-
vectors (U, X,), (%1, %,5) (X5, V), (v,u) form a cyclic 2-subspace. On the other

hand, the vectors x,,, %, ,,...,X,,... form a one-sided branch 2-subspace which

will be denoted with S, and the vectors u and v are loop centres of the 2-
subspaces |  L(w,u)xL(w,u) and U L@vxLEzv). If i>2, then
wel (VX X41) 2eL (U, %42 %:3)
we have also a starting 2-subspace, which is a branch 2-subspace and it will be
denoted with S'. So,
M=Mo |J LwuwxLwuw)o ) LiEv)xLEzv)uSus'
Wel (v, %) 2eL (U X2 03)

Situation 8// u=a X+, %,1, V=% + B Xy i>1, j2i+3.

i+17%

This situation is completely analogous of the previous situation, and here
only is enlarged the cyclic 2-subspace, where its generators are the 2-vectors
determined with (U, X;,1), (X1, Xi,2)s (X220 Xiza)s (X, V), (v,U) . Now, we have

M'=Muvu U L(w,u)x L(w,u) v U L(z,v)xL(z,v)uSuUS".

weL (V, %, Xi1) zeL(u,Xj,Xj,1)

3. EXTENSION OF A 2-SKEW-SYMMETRIC LINEAR FORM

Theorem. Let A:M >R be a 2-skew-symmetric form such that
A(XY) < p(x,y) forevery (x,y)eM, p:X*—>R bea 2-seminormand M is

a branch 2 -subspace of the 2-space X?.Let M' be an extension of M as
in sub case 1 of case 2. Then there exists a 2 -skew-symmetric linear form
A':M'— R such that

ATM =A

—PEXY) SAXY) < p(XY) (*)

Proof. We will consider the two cases separately.

Situation 1. Let u=x, where i>1. In this situation we have a complete
analogy with the one in the case of two sided branch 2-subspace. That is why it
is enough to take it from there. [9]

Situation 2. Let u=x_. The choice of two 2-vectors from the 2-subspace of

u can be done in a way that it is done in the 2-subspaces generated in the paper
for two sided branch 2-subspace. In other words, we can choose 2-vectors in the
form (u,ax +a,%,) and (u,a;x, +a,X,) . Further on, the proof is the same as the
proofs in the theorems of Hahn-Banach in the part for a two sided branch 2-
subspace. [9]

The rest of the cases are the same with the corresponding ones described in
the paper for two sided branch 2-subspace. [9]
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