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Abstract. In this paper 2-subspaces from 2-space X?, which are from two sided
branch 2-subspace type, will be taken in consideration. Then all its possible extensions

adding one element (u,v) and their complete description will be considered. Also, all

extensions of 2-skew-symmetric linear form defined on 2-subspace M ' Hahn-Banach
type will be considered, in the cases when one vector belongs in 2-vector from M , and
the other does not belong (U belongs and v does not belong and vice versa), as well as
cases when the two coordinates (u,v) do not belong in M .

1. INTRODUCTION

Extensions of mappings is something that is often looked at in various
mathematical disciplines. One classical example of extension of a given
mapping is of course the Hanh-Banach theorem for linear functional. One
version of it comprises the contents of the following theorem.

Theorem 1. Let M be a vector subspace of the vector space X . The
functional p: X — R satisfies the conditions

a) p(x+y)<p(x)+p(y)

b) p(tx)=tp(x),
for every x,ye X and t>0.

The functional f:M —R is linear and f(x) < p(x). There exists a linear
functional A: X — R suchthat A/M = f and —p(-x) < A(x) < p(X) .

From the title of this paper and the indicated Hahn-Banach theorem it is clear
that we need at least the definitions of 2-seminorm and skew-symmetric 2-form.
But in order to have the whole picture, we will define 2-norm as well.

Definition 0. Let X be a vector space over the field ®. The mapping
|e,®]: X* — R, for which the following conditions are fulfilled

(i) 1% y|=0 ifandonlyif {x,y} is a linear dependent set
(i) Ix ylHly. x|l forany x,yeX
@iii) lax, y|= a|-]| x y|| forany e e® and any x,y € X
(V) Ix+x,y [l x y I+ %,y forany x,ye X,

we call 2-norm, and (X?,||,e|) We call 2-normed space.

Definition 1. Let X be a vector space over the field ® . The mapping
p:X*—R,, forwhich the following conditions are fulfilled

(i) p(x,y)=0 if {x,y} isa linear dependent set
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260 S.Brsakoska, A.Malceski

(i) p(x,y) = p(y,x) forany x,ye X
(iii) p(ax,y)dal-p(x,y) forany ae® andany x,ye X

(iv) p(x+x4,y)< p(x,y)+p(x.y), forany x,ye X,

we call 2-seminorm, and (x?2, p) we call 2-seminormed space.
It is worth mentioning that for any 2-norm, it is fulfilled the equation
1% Y=l % y+ax]| , forany x,ye X and any scalar c e ® .

Due to the definition of an n-norm and the definition of ann-semi norm it
turned out that, on the set x?, where X is a vector space over the field ® (@
is the field of real numbers or the field of complex numbers), it is convenient to
consider additional operations, two of which are partial and one of which is a
complete operation, with the aim of making the notation and considerations
easier.

One of the corollaries of the last inequality, is a part of every definition of 2-
norm, as well as of 2-seminorm, the definition of skew-symmetric 2-form, is
given with the following definition of operations in x2.

Definition 1°.Let X be a vector space over the field @ . The set x? together
with the operations

(X, 2)+(y.2) = (X+VY,2)

(2.3)+(2,Y) = (2,x+Y)

A(X,y) = A(x, y)'
where X,y,ze X and Ae M, (®) is called a 2-vector space or 2-space.

Comment. The third operation in the previous definition is a complete
operation, and on the right-hand side of the equality is a multiplication of a
matrix with a vector.

Definition 2. Let X be a vector space over the field ® . The functional
A: X? - @ for which the following conditions hold

(@) A(x+y,2) = A(x,2)+A(y, z), for arbitrary x,y,ze X

(b) A(x,y) =—A(y,x) , for arbitrary x,y € X

(€) A(ax,y) =aA(x,y), for arbitrary x,ye X and a e ®,
is called 2-skew-symmetric linear form.

It is not hard to prove that the previous definition (Definition 2) is equivalent
with the following definition.

Definition 3. Let X be a vector space over the field ® . The functional
A X* = ® for which the following conditions hold

(8) A(x+y,z) = A(x,2)+A(y, z), for arbitrary x,y,ze X

(b) A(A(x,y)) = (det A)A(x, y) , for arbitrary x,y € X and Ae M, (®).
is called skew-symmetric 2-linear form or simply 2-linear functional.

Completely analogous to the definition of a 2-linear functional, which is
essentially a definition of a skew-symmetric 2-form, the definitions of a 2-
seminorm and a 2-norm are interchangeable.
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Definition 4. Let X be a vector space over the field ®. The mapping
p:X?* — R for which the following conditions hold

(@) p(x+V,2) < p(x,2)+ p(y,z), forevery x,y,ze X

(b) p(A(x, y)) = det A| p(x, y) ,for every x,ye X and Ae M, (D).
is called a 2-semi norm and (x 2, p) is called a 2-semi normed space.

Definition 5. The mapping ||-|: X" >R, n>2 for which the following
conditions hold:

(@) IIx,x, =0 ifand only if x,x, are linear dependent vectors;

(0) 1| A(x, %,) |I= det Al x,, %, ||, for all x,x, e X and all Ae M, (®);

(©) 1% +%, % 1<%, %5 [ +11 %, %, |l for every x,x,,%, € X,
we call 2-norm of the vector space X , and the ordered pair (X,||--|)) we call 2-
normed space.

In this section, some of the special types of subsets of x?will be considered.

Definition 6. The subsets, s < Xx? which is closed with respect to the
operations of the 2 -space X? is called 2-subspace of x2.

Of course in these considerations the following two theorems are important.

Theorem. The intersection of an arbitrary family of 2-subspaces of the 2-
vector space X? is a 2-subspace.

According to the last theorem, each subset Ac X? determines a 2-subspace
S, , the smallest 2-subspace of the 2-vector space X which contains the set A.
We will call the 2-subspace S, the 2-subspace generated by the set A, and
the set A -the generating set.

In this matter we will consider a special type of generating sets, i.e. a
generating set of the form M u{(u,v)}, where M is a special type of a 2-
subspace, and (u,v)e Xx? is arbitrarily given where {u,v} is a linearly
independent set.

The basic question which we will consider here is whether it is possible to
extend a 2-skew-symmetric linear form defined on some types, i.e. classes 2-
subspaces to a bigger subspace, in the sense of extension of 2-linear functionals,
i.e. of the type of Hanh-Banach. At this moment it will be done only in special
cases. The main aim if all such considerations is whether we can prove the
following theorem or some of its variants.

Theorem 2. Let S be a 2-subspace of the 2-space X*, A:S — R be 2-skew-
symmetric linear form, and p: X* — R be a mapping for which

(@) p(x+y,z)<p(x,2)+p(y,z), forall x,y,ze X

(b) p(tx,y) =tp(x,y), forall x,ye X and t>0.

There exists 2-skew-symmetric linear form A': X? >R, suchthat A7S=A
Each 2-semi norm satisfies the conditions a) and b) from the previous
theorem.
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In addition, in many parts we will meet a special type of subsets from x?2.
One of them is given by the following definition.

Definition 6'. The subset T,T < X? is called n-invariant if AT T for
every Ae M,(®), detA=1.

The general structure of 2-subspaces is, of course, not simple. The simplest
forms of 2-subspaces are the kernel subspaces, knot subspaces, branch
subspaces and cyclic subspaces. Those are discussed and described in [6].

Solving the problem presented in the last theorem is of course not simple. An
affirmation of that is of course the complex structure of the 2-subspaces of the
2-space x?. Due to this, we will discuss partial cases of this problem.

In this paper we will look at extension of 2-skew-symmetric form defined on
a two sided branch-2-subspace.

From here on, we will assume that  the subset
Lo Xy Xty Xy reeees X o X0 X0, g0 %03 1S @ linearly independent subset of

the vector space X , not excluding the case when it is finite.

Definition 7. Let X be a vector space over the field ® . The 2-subspace S
generated by the subset
Lo O Xy Dy (X Xy ) (X X0 (X0 X)) (%00 X0 ), (X0 X0 )y (X X )seneis (X g0 X )5 3
where {i., X e X5, X4, X, X, X000, X3 1S linearly independent set is called a
two- branch 2-subspace.

A detailed description of branch 2-subspaces is given in [7]. That is the
content of the theorem that follows.

Theorem 3. If M is a branch 2-subspace generated by the set
Lo O Xy D (X Xy ) (X X0 (X0 X)) (%00 X0 ), (X0 X0 )s (X X )y (X g0 X )5 3
where {..., X .., X 5, X 1, X, X, %oy, X3 1S @ linearly independent set, then

M =U U L(ai+lxi+1+ai—1Xi—l’Xi)XL(ai+1Xi+l+ai—lxi—1’Xi)'

i€Z. a_y,8,,€®

In the following part we will consider extension of a two-sided branch 2-

subspace M with the addition of one element (u,v) as well as extension of a 2-

skew-symmetric form A:M — R to a skew-symmetric form on A" M'—>R
where M ' =(M U{(u,v)}).

The leading result in the description of the special 2-subspaces such as
cyclic, branch 2-subspaces, kernel 2-subspaces and knot 2-subspaces is the
following lemma:

Lemma. The subspace generated by the elements (X ,, %), (%, X;.1), (Xi.10 X;.»)

e LG %), 06 %) (%as Xi0)], - where  {X ., %, %0, %, IS a linearly

independent set is

L(bi+2Xi+2 +b|Xi ) Xi+1) x L(bi+2Xi+2 +b|Xi ) Xi+1) o L(ai+1Xi+l T8 X1 X% )% L(ai+1xi+1 +8 4 %1 Xi)
The idea for such lemma comes from the fact that it looks like as we have

put together two branch 2-subspases which are

Lo, o %, +B%, X ) < LB, X, +0,X,X,,) (1)

1% il 1+27%+2 I
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and Lg% + 30X 0, X ) < L@y, X+ 1% 4, %) 2
Here, they have as their 2-subspace a set defined with

M ={(A(X, %,,)" | Ae M, (D)}
Adding of elements of (1) and (2) of course is possible, but the result is always
an element that either belongs in one of these 2-subspaces i.e. either is in (1) or
is in (2). If it belongs in both subspaces, then it is an element of the 2-subspace
M ={(A(X,%.,)" / Ae M, (D)}

2. EXTENSION OF A TWO-SIDED BRANCH 2-SUBSPACE

Let A be a skew-symmetric linear form defined on a two-sided branch 2
-subspace M which is generated by the elements of the set
Lo (X X gy Do (X0 X ) (X X000 (600 %) (X0 X0 ) (Xp s X )y (Xg X ) evnes (X g0 X ), }
where ..., X,y X5, X4, X, X, X000 X, 1S @ linearly independent set. Let (u,v) e X?
be such that {u,v} is a linearly independent set. We denote the 2 -subspace of
x? generated by M u{(u,v)} by M. Several cases are possible.

Case 1. UV e L(uX o X g XX X Xy Xy 1on) s WHEFE L( X e X g X 1y X Xy, Koy X, 1) S
the subspace of X generated DY Loy X s Xy X g Xy Xy Xy Xy} -

The 2 -subspace generated by {(u,v)} is L(u,v)xL(u,v). Let us notice that
LQUV) ALty X X gy aeee g Xpen) © A, Accordingly, M'=M U L(u,v)xL(u,v),

where M is determined in theorem 3.

Xj—2 Xja Xj Xjt1 Xj+2

O Q
u \

According to our conditions for this part, we have that
U=0o;X +0, X+ X%, ..+, X, taZ

i+17N+1 i+27%N+2 i+k Ni+k
V= BiX + BiaXja + BioXjg tot BipX j+p+ﬂW,
Where X,y & L(c.., X yeees X oy X g0 X, X, Xo e X, 0000, K, p € Z are given arbitrary.
In that case, the vector (u,v) cannot add with the elements of the set A at any
case. Indeed, we can write the elements u and v in the form
U=X+az,v=y+pw, i.e. (u,v)=(x+az,y+pw). For any element(x,y)eM

addition is not possible, because u=x'v=y'. From the other hand, for any
nonsingular matrix 4= {a“ alz} , we have the following situations (all possible
21 22

cases will be considered).
Situation 1.4, #0, a, =0.

In this sub case we have the following three possibilities:
a) a, =0, a,, =0, which is not possible, because in this situation we would

have that det A=0, which is not possible.
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b) a,, =0, a,, #0, which is possible. In this situation det A=a,,a,, #0. Here

A, y) = |:a11

dy Ay

a u
12 :||:Vi| = (0111/1, 6122\’) = (all(x + 7)’): a,, (W+ 52)) = (allx +a,7y,a,W+ a22§Z)
where form because of the condition a,,ya,,5 #0, we get that A(u,v)" & M . This

element will belong in the new set in the part where it is added.
C) a, #0, a, #0, which is possible. In this situation det A=a,,a,, #0. Here,

as in the previous case
AQu,v)" =|:

= (8 X+a, 7y, ayX+a,W+a, 7Y +a,02)
where form because of the condition a,y =0 we have that A(u,v)" & M . This

element will belong in the new set {A(u,v)T /Ae MZ(CD)} .

al 1 a12

u
= (ayu, ayu +a,,v) = (ay (X + 7). ay (X +yy) + a, (w+0z2)) =
Ay Ay ||V

Situation 2. 4, =0, a, #0
In this sub case we have the following three possibilities:
a)a, #0, a,, =0, which is possible, because in this case we have

a, a,

21 22

But, in this case we have that
A(u,v)' ={

and because of the condition a,,5a,,y #0, 4(u,v)" ¢ M
b) a,, =0, a,, =0, which is possible from technical aspect. But, as

&, a,
aZl 22
and by the conditions we have that det A=0. Because the contradiction, this
case is not possible in this situation.

C) a, #0, a, #0. This case is possible from technical aspect. Indeed,

det A= = a8, —&,8, =—a,3, #0.

a, a,|lu
n e HV} = (a,Vv, ayu) = (a,(W+6z),ay (x+yy)) = (a,w+a,0z,ayx+ayuyy)

dy Ay

det A= =a,8, — 3,3, =0-a,—-0-a, =0,

a, &
detA=| " *l=a,8, —a,8, =08, —a, @, =—a, a, #0.
Ay 8y
In this situation, we have
T a,; @, ||Uu
A(u,v) = |: 4 i||:v:| = (a,Vv, auu +a,,v) = (a,(W+0z),a, (x +yy) +ay(w+0z)) =
21

= (8,W+a,0Z,8, X+, 7Y +a,W+a,,02) =
=a,(W+9z,a,X+a,yy+a,W+a,oz) ¢ M
because the first component w+ 8z € L(X,, X,, X3, X,) -
Situation 3. a4, #0, a, #0.
In this sub case we have the following three possibilities:
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a)a, =20, a,, =0, which is possible, because in this case we have
a; a,

21 22
and the matrix is nonsingular. According to this,

det A=

=-aya, #0,

a, a, ||u
Alu, V)T = LM (;2}{\/} = (ayv, ayu) = (a, (W+02),ay (x + 7)) = a,a, (W+a,0z,x +yy) & M
n Gy
b) a,, =0, a,, =0, which is also possible, where
detA= | B2l a,a,, 0. Here
ay 8y
T |G 4 || u
Au,v) :L p }{V}:(an”’azzv) = (ay (x +7Y), (W 02)) = ayyapy (x + 7y, W+ a,,02) € M
n Ay

C) a,#0, a, #0. Because of its nature, this case is the most radical one.
Here, if we use the technique from that we have in the 2-normed spaces, we
have

ap

a u
Aw,v)" = { u H } = (a,u+a,Vv, a,u+a,v) =
Uy Gy |V

= (@, (X+7Y)+a,(W+52),a, (X +7Yy) +a,(W+62)) =
= (@ X+ 8y, 7Y +8,W+a,0Z,8, X+ a,W+a, 7Y +8,02) ~ (=)
= (det A)(X+ yy,W+0z) = ((det A)x + (det A)yy,w+06z) ¢ M
and because (det A)y =0, where from we get that the first element doesn't
belong at any element of A and so, the whole element doesn't belong in A .
Also, let us comment that in the part where we have ~ (=) we have a sign for
equality. But, that is not a problem, because from that element until the last
element we constantly multiply with a matrix that has a determinant equal to 1,
and because of this if one element doesn't belong in A , then any other
multiplied with a matrix with determinant equal to 1 does not belong in M . The
last equality may not be used, because detA=0 u y#0 where from follows
the proof.
For this case the extension is arbitrary, i.e. A'(u,v)=a, where « is an
arbitrary fixed scalar.
Case 2. Let UeL(uyX e X g X gy X, X, Xyern Xy o) ANAV E Loty Xy X gy X gy Xy Xy Xy X yone)
In this case we will consider several sub cases, as follows.
Sub case 1. u=yx forsome ieN.
In this sub case the set {(x_;, %), (X, %.1), (X, V)}={(%_,, u), (U, %,,), (U, v)}
generates a 2 -subspace which is a knot subspace and its form is
L= U LuwxLuw).

wel (X_1.V,Xi1)
Simultaneously the sets P'={...,(X 6, X s),(Xs: X 4)s-s (X5, %)} and
P"={(Xp» X0 )s Xz Xiig)sees (X g0 X )r-} QENETAte 2 -subspaces S,. and S,.
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respectively, which are one-sided branch 2-subspaces. At the same time, they, as
well as L are 2 -subspaces from the required extension M'. The forms of S,

and S,. are
i-1
SP' = U U L(ak—lxk—l + .1 X1 Xk)x L(ak—lxk—l + 4,1 X1 Xk)

k=—o0  ay_;,a,ed
= U U L (B 1 X1 F B Xians %) X L@ 1 X g + 8 X %)
k=i+1l aq,a,,e®

In order for us to see the form of M ' it is enough to consider several types of
addition of elements of L,S,. and S,.. It is enough to consider several cases.

I (mnyel, () € L((X 22 %_1), (%1, %))

22 (mn)el, (Xy)eL((Xs X 5) (%2 %))

3 (mn)elk, (Xy)e (% %) K %.2))

4 (mn)el, (%Y)e (X %,2) (X2 Xi.3)) -

In case 1° we have

(m,n) = (0 (X, + a4,V + X)) +0,%, b (e X + oV + X, ) +0,%)

(X, ¥) = (@ (aX_, + BX) + 3% 4, (X, + B%) +a,% 1) .
In other words, the following elements should add

(% y) = (%, +a,% , +a f%, aa% , +a,% , +a/8x)and

(m,n) =%, +b,% +ba,v+b X, by X | +b,% +ba,v+baX ;)
Since {x ,.%,,x} and {x_,,x,x.,v} are linearly independent sets, that is
possible only in the case when

a) a,=a,=a=0, ba,=a,=s, af=b,=t,0r

b) a,=a,=a=0, o, =a,=s, 3,f=b, =t,
for any s,te® (the cases when t=0 or s=0 or when s=t=0 should be
considered separately).

In case a) the elements get the form

(beyx, +b, X, by % , +b,%) = (sX, +t%, b, %, +b,%,)

(@B% + 3% 1,8 8% +3,% 1) = (S, +06, 3, 8% +a,%,) ,
and their sum is

(sx_, +tx,, (8,6 +b,)x +(a, +b,r)x ) e L((X_,, X)) =L

We similarly get for case b).

In case 2° we have

(X, ¥) = (@ (aX_5 + BX 1) + 3% 5, (X5 + BX ) +8,%_,)

(m,n) = (B (%, + a4,V + X, ) +0,%, b (e X+, + X, ) +0,%)
Similarly as in 1© we have to add the both elements

(X y) = (X 5 +8,% , +a, 8% 1, 8a% 5 +a,X , +&8% ) and

(m,n) =%, +ba,v+b,X +b o, by X | +ba,v+b,x +b,aX ;)
Since {x ., % ,, %, and {x,,x,x.,,v} are linearly independent sets, that is
possible only in one of the following two situations:
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C) a,=a;=a=0, a,=b,=0, af=ba =5
d) @,=a,=a=0, a,=b, =0, 3,f=h,, =5,
and for every conditions for arbitrary s e ® (for the same conditions for s=0

should be considered separately).

In case c) the elements get the form

(SXi_y 83 8%y +8,%_,)

(X1, by % 1 +b,%)
and their sum is (sx_,, (a8 +b,a )%, +a,% , +b,%) € L((X_,, X 1), (X1, %)) =M
We similarly get for case d).

According to that, in this sub case the extension is

M'=MuU (] L WxL(x,w).

wel (Xi_1, X %is1)

Xi =Uu
..... & . . ' .
i—2 Xi—1 Xi+1 X2 Xi+3
v

Situation 3 is completely analogue to situation 1°, and the situation 4 is
completely analogue to situation 2°(in both situations we are considering the
case under the same conditions, but from the opposite side).

Sub case 2. ue L(x;,x;,,) forsome jeN, where u=x;,x,,,.

In this sub case we have u = ux; +vx,,,, where uv#0. The sets {v,u,x;} and
{v.u,x,,,} are linearly independent sets. The sets K'={(u,v),(u,x;)} and

]

K'={(u,v),(u,x,)} generate 2-subspaces S,. and S,. and their forms are
Se. = |J Llav+Bx;,u)x L(av+ Bx;,u)

a,fed

Se- = | Llav+ Bx;;,u)xL(av+ Bx;,u)

a,fed
The general form of the elements of S,. is
(& (av+ Bx;) +a,u, a,(av + BX;) +a,u)
and of the elements of S,. is
(b, (yv +5X;,,) +byu, by (yv +6%;,,) +b,u) .
We should note that both sets {u,x;,,,v} and {x;,u,v} separately are linearly
independent sets. Here the same elements can be written in the following form:
(a,av+a,Bx; +a,u,a,av+a,Bx; +a,u) and
(byyv+ b15xj+1 +b,u,byv + b35xj+1
Addition of the latter two forms of elements is possible in the following 2 cases:
a) f=0=0, a,=b,=t, aa=hy=s
or b) f=0=0, a,=b, =t, a,a=by=s.
In case a) the elements get the form

+b,u).
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(sv+tu,a,av+a,u)
(sv+tu,b,yv+b,u)

and their sum is (sv+tu, (b,y + a,@)v+(a, +b,)u) e L((u,v)) =M
The result in case b) is similar.
From the whole of the former discussion it is clear that
M'=MuUS§, US,..
We consider the sub cases 3 and 4 similarly.

u = axj + bxjq

Xj+1 Xj+2 Xi+3

Sub case 3. ueL(x,X,,, X, %,5) ,» and the coefficients in the representation before
x, and x,_, are different from zero. In other words, u=aX +a %, +a.,%.,+0.:%

i i+3%43 7

where a,«,,, # 0. Such element, as coordinate in the elements of the 2-subspace M

ii+3
doesn't exist, so this case of addition is not possible. If ¢, =0 or «;,, =0, then we come

to situation which is in the sub case 4 of this case, or sub case 2 from this case.
Sub case 4. ueL(x,X,,,X%.,) - Such case is possible because the vector u has the

following form u=a.x +a.x., +@.,%., . Here we can take that u e L(aX + ., %5, X.1) -

i+17%+1 i+2%+2 *
From the other side, the element v can be any element from the vector space X (see
drawing). Here, in order not to disturb the generality, in the most general case we
must consider that u =X +a ., %, +%.,%., and v=x+ay, Where a=0 ,y is

i+17%+1 i+27%+2

a nonzero vector from X, and x is from the subspace generated from the
vectors which form the 2-subspace, i.e. x,x,,,%,,. The vector cannot be a
coordinate of any 2-vector from M . According to this, (u,v)=(u,x+ay) cannot
be a 2-vector from M . From the other side, for the vector u we can say that it

is obtained as follows:

Ll) “J[ﬁ ﬂ(xnxm){“gz ﬂ(xi+z,xi+1)H(l) “ﬂ«aixi.xi+1)+(ai+2xi+z,xm»

1l «
i+l
= |:0 1 (X + %00 %5,0) = (X + 4 X% + 00X %)

i+3

Here we can note that the element u can be obtained also as addition of the elements
(X, %,,) and (%, %,,), in exactly the same way as before, but in that case we
would get that the elements (x,%.,), (X.,%.,), (X, %) are elements which
generate M , and with that, the kernel subspace S =L(X;, X1, %;.,)*L(X, X1, X,5)
would be a subspace of M , which is not possible. Completely analogous would
be the considerations the generating elements to be (x.,,x) and (x,,,%), which

will take us to the same conclusion.
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Let's note that we have three possibilities which imply in this situation, i.e.
a) a;,,=0, aa., =0
b) a =0 a,a,,=0,
C) a,,=0 aa,#0
Situation b)
It is clear that the element u belongs in L(x;,x.,) which is completely the same

with the sub case 2 of this case and will be not considered here.
Situation b)

It is clear that the element u belongs in L(x,,,x,), which again is completely

the same with the sub case 2 of this case and will be not considered here.
Situation a)

In this situation u e L(x,Xx,,), and this is element from the set generated from

i1 7N+2

(x.%,,) and (x,,X.,) and the element v is not a coordinate of 2-vector from
M . But, now, it is clear that the element u=a,x, +«,,X;,,, and here for example

i+27%+2

belongs in the 2-subspace M ' and we have it as a coordinate of the 2-vector
(U, X;,0) = (@ + %000 %i01) -

Let's assume that (u,x,,)eM"'. Then
M "3 (U, X;,,) = (X + @0 %000 %i12) = (00X + 00X — o X0 %) = (@6, %) ~ (%, %,2)

i+27%+2

The same discussion goes for (u,x,) e M'. But, then we get that the 2-subspace
generated by (x,%.,), (X.,%..), (%.5,%), which is a kernel 2-subspace, would
be 2-subspace of M *, which certainly is not possible.

Now, if we consider addition of two elements of this 2-subspace, then we
would have that we can add the 2-vectors

(@ (X, + @y, 5) + @10 1 X1 Ay (X + QX)) + A O 1% g)

(byy (% + x5 %,2) + B0 X By (X + 5%, ) + D00 X41)
In this case, if for example the second coordinates are equal, then adding the first
coordinates we would get the 2-vector

(@ +hu )X + a, 0% 5) +(ay, +b,) %

ie. it is the same as we have multiplied with a matrix in the following form
|:a11+b11 a, +by,

a’21 a'22

1o Ao (X + Qo %, o) + A1 X )

} , and we would get again 2-vector with the same form.

Finally, we have
M'=Mu (] Lwu)xL(w,u).

Wel (6u1.¥)
The €ase U g L. X e X 50 X g0 X X XKoo Xgpe) ANAVE Loty X ey X0 X g Xy Xy Xy Xy eve)
is completely analogously considered.
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Case 3. Let U,V e L X ey Xgy Xgy Xy Xgy Xgyeeny X yeen) -

We will consider several possibilities, i.e. sub cases.

Subcasel. u=x, v=x,,

In this sub case L(u,v)=L(x,,x,,,), therefore we don’t have a true extension
of M . That is because the 2-vector (u,v) is a 2-vector both in M and in M".
So, inthiscase M =M".

Xj—2 Xj—l Xj:U XJ-H:V Xj+2

Subcase2. u=x, v=x,,

In this sub case, the pairs (x,,%.,), (X%, %.,) and (x,x,,)are included in the
generating of M * so, accordingly, they define a kernel subspace S which is of
the form L(x;, %, %.,)xL(X, X5, %.,) - Now, the subspace M ' is generated by
one kernel subspace S, and two branch 2 -subspaces, one generated by
s (%20 % 1), (%4, %) and the other by (x,,,%,5), (%50 %4 )1 (s Xipin)s (g Xy )y

The form of S is S = L(X, X1, X.0) ¥ L(X, X110 Xi10) -

The form of the 2 -subspace S' is
i-1
S'= U U L (81Xt + By X X)X L@y X + 8y X0 X,)

k=-0 a;,a,ed

The form of the 2 -subspace S" is

S"= U U L@y 1 X1 + A X %) < L@ Xy + 841 %00 %)

k=i+3 ay_;,8,,,€®

Let us notice that the addition of elements of S or S' or S" is again an element
of S or S' or S", respectively. Addition of elements of S' and S", one from
S' and the other from S", is not possible.

We will determine when addition of elements of S and S' is possible and
what is the result of that addition. Every element of S is of the form

(alxi +blxi+l +Clxi+2’a2Xi +b2Xi+l +C2Xi+2)
and the elements from S* for which addition is possible are of the form

(d(ax_, + Bx)+eX . d,(ax_, + %) +e,X ;).

Addition in this case is possible in the following two cases:

a) by=c, =0, =0, d,f=a =5

b) b,=c,=0, =0, d,f=a,.

It is enough to consider the case a). Then the elements obtain the form

(X, a,% +Db,%,, +C,%.,), (sx,d, 8% +€,%X ;)
and their sum is

(SXi 1 (aZ +d2ﬂ)xi +b2Xi+l +CZXi+2 +e2Xi—1) "

Therefore, the sum of these elements is an element from the 2 -subspace T
defined by

i+1
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T= U L(x,,u)x L(x,u).

UeLl (Xig X1, Xis2)
Now it is enough to determine the sum of the elements from the 2 -subspace
T with the elements of the 2 -subspace generated by the elements of the set
{(%_3:%_5), (X, %_4)}. The former are of the form

A, 00Xy + 0% + Xy T X ,) =

*
= (b +b, (X4 +aX + X+, X,) 0% +b, (X, + X + Xy +2,X,,)) )
The subspace generated by the set {(x 5, % ,), (X_,, % )} IS
U L(aX s+ B% 1, %) x L(aX s + BX 1, % ,)

a,fed
and its elements are of the form
(A (@X 3+ B% 1)+ 3% 5, (X 5+ B% 1) +a,X ). **)
Elements of the form (*) and (**) is feasible in two cases:
C)b=0,a,=0=0,=0, =0, a,=0, bgy =3 8=s
d)b,=0, ¢,=0,=0,=0, «=0, a,=0, boy =a,4=5.
In the case c) we have
(%, 0,% +b,a,; ;)
(X, @, 8%, +a,%_,)
and their sum is
(%, bex + (b, +a,8)% 4 +a,% ,) € L(rX_, + X, X, ) x L(¥X_, + %, % 4) -
The case d) is considered analogously.
Accordingly, in this case M " is the 2 -subspace

X1

. . . .....
iz Xiog i =U  Xiy2 =V Xizg  Xipg
M =M U(L(X, X, X,,))° U U L(u,x)xL(u,x) U L(v, X)X L(V, X;,,)
uel (Xig X1 Xis2) VeL (X3, %i1,%)
Sub case 3. u=x, v=x;, j>i+2, for any such j, which is arbitrary, but
fixed.
In this sub case the ordered pairs (x;,X,,), (X, X 2)s-r (X1, X;), (X5, %) form a
cyclic subspace S . Now, the extension is generated by one cyclic subspace S , and two
branch 2 -subspaces, one S' generated by ...,(x_,,%,),(%_, %) and the other S"

generated by (Xj ’ Xj+1)1 (Xj+l’ Xj+2) """" (Xm ! Xm+1)l (Xm+1’ Xm+2)l et

X TR X X)X @ X 1y X X)) ] .

The formof S is: S = J[L(a;,x
i=1

i-1
Theformof S'is; S'= U U L@, X, 5 + 8y Xep %) X L@ Xy 8, %0 %)

k=—0 @& ;,8,,€P
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0

Theformof S"is: S"= | U L@X +auXe %) L@ X0+ X0n %)

k=j+1 a,y,8,,€®

Addition of elements of S' and S", i.e. one element from S' and the other
from S" is not possible.

We will consider the remaining possibilities for addition of elements of s,s* and S*.
Let us notice that the sets  K'={(x_. %) (% %) (x,x)} and
K" ={(x, %), (X, 1, X;), (X;, X;,,)} are generators of the 2 -subspaces S, and S,.
which are subspaces of M'. At the same time they are loop 2 -subspaces
generated by three elements. We have:

Se= U LUx)xLux) and Si.=  [J  LVx)xLv,x) .

UeL (% X} 1.Xj.1) Vel (61 et X))

First we will determine when addition is possible between elements from S,.
and S,. and what will the result from the addition be. The elements from S,.
are of the form

(a (X +a, X, +a3xj+1) + blxj L8, (X + aXj,+ a3xj+1) +b2xj)
and the elements of S, . are of the form

(CL(BXis + BoXiny + BX;) +diX, C (BiX g + BoXiny + BaX;) +dpX) -

It is clear that addition is possible in two cases:

Q) a,=a,=f,=5,=0, aa, =d, =s, ¢, =b =t

b) &, =, =5,=p,=0, a,a,=d, =5, ¢, 4, =b, =t.

In case a) we have the sum

(% +1x;, (a0, +d,)% + (€, 8, +0,)x;) € L((%, X;))

In case b) we have the sum

(o +dy)x +(C By + b))%, 5% +1X;) € L((%, X;))

Therefore in each case the sum is an element from the 2 -subspace L((x;,x;))

We will determine the sums in the remaining possibilities for addition in M
We have the following possibilities:

1T (% Yy)eS. and (m,n) e L((X 5, % 5), (X 5, % 4))

2" (% Y) €S and (m,n) & L((%,1: %i.2) (X420 %i13))

3 (xy)eS and (m,n) e L((X;_5. %) (X;_5. %))

4 (xy)eSc and (m,n)e L((Xj13: X520 (X120 X11))

In 1 the elements from S,. are of the form

C(BXiy+ BoXig + BaX; ) +0;X,C, (BX, + BoXia+ BaX; )+d,X; and

(m,n) = (@ (@X_5+ 8% 1) +bX ,, 8, (aX 3+ X 1) +b,%,)) .

Therefore, addition is possible in the following two cases:

C) Bo=p=0, a=0,b=0,d=0,cp=ap=t

d g =8=0,a=0,b=0,d=0,cp=ap=t

In the case c) we get
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(txi—l’ Czﬁlxi—l + dZXi)

(X1, 8, 8% +b,%,,)
and for the sum we get

(X1, (G 8 +a, )%, +d,% +b,% ;) € L((X% 5, Xi1): (X1, %)

The case d) can be analogously considered.

Similar results are obtained in 2°, 3° and 4° with the results of the additions
being elements of the 2-subspaces L((X,%.;) (.1 %.2)) s L¢G5 %), (X4, X))
and  L((x;,,.%;.,): (X, %;)) respectively, and also being elements of M .

Xj o Xja1

Xi+1 Xj

The remaining cases for addition, when it is possible, are addition of
elements M and they again belongto M .
Finally, we can conclude that in this sub case:

X1 Xj+2

Xi+5

M'=Mu [J Lux)xLux)u [J LEx)xLv,x)us'us"us

el Xy %u1,%)) VeL(Xj1.% Xj1)

Sub case 5. u=x , v=x; where j=i+3,ie. u=x and v=x_;.

In this sub case we have that the 2-vectors
U=%%0) (%0 %), (X0 X = V) (V=X u=x,;)  make a cyclic  2-subspace.
According to the previous sub case, we have that

M'=MuUSUS'US"UK'UK",
where K' and K" are loop 2-subspaces with loop centers u and v, and S' is
the branch generated from the elements ..,x ,,% ,,%,, S" is a branch 2-
subspase generated from x.,,% ., X _4,... and S is a cyclic 2-subspace generated

i+47 N451 Ni+6rtt
from (u= Xi0 X1 ) (G X2 )y (G2 Xis = V) (V= X5, U = X4)
Sub case 6. u=ax +bx,, , v=cx,_, +dx,, where ab=0 and cd #0.

iz X X =U Xj3=V Xigg

U=axj +bxj1 V==CXq+0dX,,

-2 X X Xit1  Xip2  Xiy3
In this case we have that the 2-vectors (v,u) and (x,,,u) belong in the new 2-
subspace M ', so according to this in this 2-subspace belongs also the 2-vector

1 1 1
" [(v,u){‘C 0}(xiﬂ.u)j: 0 (o 00+ Cono)=| @l = (00
0 1 01 01 0 1

Now it is clear that we have 2-subspace which is fully analogue to the 2-
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subspace which is generated as in sub case 8, that is equivalent with the sub case
2, which is fully described. So, the 2-vectors (., %.,), (X, %) (X, %.,) all
belong in M ', where from we get that the kernel 2-subspace generated from
them is also a subspace M '. That means that the kernel 2-subspace generated
from (x,,v),(v,u),(u,x,,) is consisted also in the kernel 2-subspace generated

from (X, %.,) (%.,,%),(X,%,), and in M'. In any case, we have 2-subspace
that is determined with M'=M U L*(x,, X1, X;.,) -
Sub case 7. u=ax +bx,, , v=cx,_, +dx, ., Where ab=0 and cd =0

i+37

Xip1 + dXi-¢—2

-2 X1 X Xist  Xe2 Xt

It is clear that both vectors u and v are coordinates of some 2-vectors from the 2-
vector space M (to be more clear see the drawing up for this sub case). The question is
whether the vectors u and v are loops of two loop 2-subspaces of the new 2-
subspace.

Subcase 8. u=x , v=cx,, +dx

i+1 i+27

cd =0

V=C 1+dXi+2

..... 4& .
i-2 Xi1 U=X

Xi41 Xi+2 Xi+3

It is clear that both vectors u and v are coordinates of some 2-vectors from the 2-
vector space M ( to be more clear see the drawing up for this sub case). The question is
whether the vectors u and v are loops of two loop 2-subspaces of the new 2-
subspace. Also, it is important to find the forms of the elements form the new 2-
subspace M '. Now, since the 2-vectors (v,u),(x.,,u) e M", we get that also the 2-

i+1?

vector
1 1 1
-0 - 0 -0 -0
d [(V.UH{ 0 J(Xm’u)j =d ((CXM +dXi+2, Xi)+(_cxi+l’ Xi)) =|d (dXM,Xi) = (Xi+2' Xi) eM’
01 01 01

According to this, in this new 2-subspace belong the 2-vectors

(U, Xi+1) = (Xi , Xi+1)1 (Xi+l’ Xi+2)! (Xi+27 Xi) = (Xi+21u) )
and also the kernel subspace generated of the vectors x;,x.,,%,,. Now it is clear
that this extension is equal to the extension from the sub case 2 from this case.

Subcase9. u=x, v=ax,, +bx_,

In this sub case is clear that the 2-vectors (u=x,X.,),(X.;,%.,), (X.,,V =aX,, +bX ;)
and (v=ax,, u) are four 2-vectors which form cyclic 2-subspace. The
question what happens with the vector v=ax,,+bx,, is implied here, i.e.
whether this vector is a loop vector.

V=aXj o+ in+3

..... 4& o o o —
i-2 X UsX Xis3  Xipg
i+1 X

i+2

+bx;

i+37
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Sub case 10. u=x, V=a;X; + ;X4 + @} X}, +&

jH1 N+ j+27j Xj+3 ' a/a‘/+3 #0.

j+3

In this situation we have one vector which is a coordinate of a 2-vector from
M . This is secured with the condition «,«,, = 0. The reviews are the most common

as in all other cases. But here the mutual ratio between i and ; must be

considered. Because of that we have more situations.
Situation 1.i=j+1( it is completely analogous and symmetrical i=;j+2)

Now, we have situation in which u=x, Vv=a ;X ; +&X + & X1 + %% .0
i+2 #0.

In this situation the vector v plays the same role as in the sub case 1 from
case 2. The reviews are completely analogous as in that sub case. Because
a, .., #0,1.e.q ., # 0we have that the 2-vectors (x_,,V),(X,V), (%,,,V), (X5,V)

are not neither from M neither from A '. From the other side, the 2-vectors
(% 5,u), (v,u),(%,,,u)are from M ', and also the branch 2-subspace determined

with them is a 2-subspace from M '. According to this,
M'=Mu ) Lwuy=MuU [J LWwx)

o &

wel (Xi_1,V, %) wel (Xi_1,V, %)
Situation 2. i=,. Now we have a situation in which u=x,
V=X + X Xy X, a5 # 0.
So, we have ordered pair (u,v) = (X, X + & X1 + ., %, +&,5X%,5) . BECause

(%,%_,) and (x,x,,) , We get that the vector x, is a loop. But here, let us note that the
2-vector (v, x;,,) isnota2-vector from M ', because ;¢ , # 0, S0 also &, ¢, #0

In this case the extension is

M'=Mu [J Lww=MuU [J Lwx).

wel (X1,V, %) wel (X1, %)
Situation 3. i=j-1 Now we have a situation in which u=x,
i+4 #0.

In this situation we have that (x.;,V),(X.,,V),(X.5 V), (X4, V) are 2-vectors
which doesn't belong neither in A7 neither in M ' (because «, ., #0, ie.
a.., ., #0). According to this, in this situation we have as in the other cases
that the 2-vectors (x_,,u),(v,u),(x,,,u) form loop 2-subspace which has the form

U Lwuw,
wel (Xi_1,V,%i,1)
and the 2-subspace in this case is M'=M U U L(w,u)

Wl (6.1, X.1)

Situation 4. i=,;-2 Now we have a situation in which u=x,
V=0 Xy + X + Qg Xis + OsXiys s UpQis 20

From the construction it is clear that (v,x.,),(V,%.5),(V,%.4),(V,X.5), &S 2-
vectors are not from M', and also do not belong in M (that is from the
condition that ¢, #0, i.e. «,,,a, 5 #0. According to this, in this situation

i+27

V= ai+1xi+1 + c{i+2Xi+2 + ai+3xi+3 +ai+4xi+4’ ai+la

i+17

i+5

i+5
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the 2-vectors (x, ,,u),(v,u),(x,,,u) form a loop 2-subspace in the following form
(J L(wu),and the new 2-subspace M ' willbe M'=MuU ] L(wu).
web (X1, %) Wel (Xi_1,V,Xi,1)

Subcasell. u=aX +a,,X

i+17%+1 1

X where

V=aX; +a;, X, +a e

LN+ j+2xj+2 +a

j+3

a;a;,,#0 and ¢, #0.

This case is possible because the element v is not a coordinate of none of the
elements from the 2-subspace M , but it is an element of the vector space X and is a
coordinate of the 2-vector (u,v). The same case can be considered also for a vector v,

with the form v =a,x; +a;,,x., +a for any k which

JESRAS RS j+2
is greater than 3. There is essentially no difference. But here the mutual ratio
between i and j must be considered. Because of that we have more situations.

Situation 1. j=i-lu=aX +a. X, V=B%0+BX% +BuXa+BiaX.s
where 3_,3.,#0 and ¢, #0.

Because gB.8.,=0,ie. B, 5., =0, we getthat the vector v is not a coordinate
of the 2-vector from M . According to this, the 2-vector (u,v) is completely the same as
the sub case 2 from the case 2. So, in this case we will have 2-subspace determined with

M'=MuUS,,
where S, is a 2-subspace which is a loop one with loop center u. This loop 2-
subspace will be determined with (x;,u), (x,,,u),(v,u) . SO, we have that

M'=MuU ] L(wu)xLwu).

wel (X %.1.V)

Situation 2. j=i,u=gx +¢,
BB..#0and ga,, #0.

From the condition g4.,#0,ie.from A, 4., =0, we get that the vector v is not
a coordinate of any 2-vector from A7 . According to this, in this situation also we will
have that the vector u will become a loop element and will generate the loop determined
same as in the previous case with (x;,u), (x;,,,u), (v,u) . So, we have that

M'=MuU ] Lwu)xLwu).

wel (X, Xi,1,V)

Situation 3. j=i+l,u=aX +&. %, V=X +BuoX, + BuaXis + Bk
where ..., 20 and o, #0.

From the condition of the case A,83.,#0,ie. f.,/.,#0 we have that the
vector v, as in the previous situations of this sub case, is not a coordinate of a 2-vector
from M . Now, it is clear that the 2-vectors (x,u),(x,,,u),(v,u) form a loop 2-
subspace, and the whole 2-subspace M ' now will have the following form

M'=Mu (] Lwu)xLwu).

Wel (4 %1 V)

Xj-¢-2 + aj+3xj+3 +o.t aj+:<X/+:< '

i+17

Xiqr V= :Bixi +ﬂi+1xi+1 +:Bi+zxi+2 +ﬂi+3xi+3 , Where

i+l

i+17
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It is clear that the vector v as such can only be in a combination for a 2-vector. It
cannot be obtained as a coordinate of vectors from M , even it is obtained from the
generators of M .

Situation4. j=i+2 u= X+ X0 V=B X T BsXis T BiaXis T BisXis
,where g._,5.,#0 and o, #0.

i+l

This situation is completely the same as the previous.
Situation 5. j=i+3u= X+ X V=B 0% BiaXis T BiaXia T BsXis
where 8.,8.s #0 and g, #0.

i+l

This situation is completely the same as the previous.
Sub  case 12, U=aX O Xy F oKy gXig Tt O X, and

i+17%N+1 i+27%+2 i+37+3 i+k “Ni+k
V=aX X, g, where k,s>3. In this situation,

neither the vector u nor the vector v are not coordinates of a 2-vector from M , so,
according to this, this sub case is the same as the case 1. Between them is not possible to
perform an operation. In other words, for any 2-vector (x,y) and the 2-vector (u,v)

cannot be performed the operation addition of 2-vectors. In this case,
automatically come to the situation completely analogous as the situation in the
case 1.

Sub case 13. u=ax +a;, X

i+1%+1

Xj+2+aj+3xj+3+“'+aj+sxj+s’

V=anj +ta; X, ta;

X T2 X g aa, 20 and ga, #0.

J il
This case is possible, where u and v are vectors which are coordinates of some 2-
vectors from the 2-subspace M . The condition «,«,,, #0, i.e. «,,«,,, =0 in general

case ensures that the vector v cannot be from the form v =¢,x; +«;,,x;,, or from
the form v =« ,,x;,, +a;,,X,,,, Which as a sub case of this case we consider in the sub
case 15. Still, here it is ensured that it is at least from the form v = & x; +«;.,x;,, Which
will be considered.

Now, separately we will consider the addition of 2-vectors in this sub case.

Situation 1. u=a,X + &, X0y V=0, % X + %, Where o, ,a,, #0.

Let's note that the vector v=q, X ,+aX +a.,X,, IS on the branch

i+17%N+1

L? (a1 %4 + ,1%,1, %) - BUt, @ mentioned, it is not either in {A(x,_;, %)/ Ae M, (D)}

nor in {B(x,X,,)/BeM,(®)}, and for this key condition is «

o 1, O,

120, e
.., # 0. Here, let's note that the 2-vectors (x;,u), (u,v), (v, x;) are 2-vectors such that
two of them belong in the 2-subspace M and one of them, i.e. (u,v) does not belong in
M . But, however, those three vectors form a 2-subspace S, , which is a loop 2-subspace.

It is worth mentioning that av (belongs in the one-dimensional vector space
generated by v) belongsin A1 ,i.e.belongsin L (e, ,x, , +a;.,%.,, %) - But, here also the

1N+ N

2-vectors  (x,u),(U,av),(av,x) are also 2-vectors from M . Here,

1 . s .

(u,av) = A(u,v) = {0 0}(%\/) . According to this, this is a new loop 2-subspace which
(04

also belongsin M .
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X ., +a %, where ., #0.

Situation 2. u= ;X + 0, Xy, V=X + % 0o X, i%i2

This situation is completely analogous to the previous situation of this sub case, just the
vectors has exchanged its places. Here, the 2-vectors which build this 2-subspace are the 2-
vectors (u, x;,,), (x;.,,V), (v,u) . Of course it is a kernel 2-subspace.

Situation 3. U=a,X, + &, X1y V=0 %0 + o Xy + OiaXs Where o, a5 #0

i+17%+11 i+17%+1 i+27%+2 i+3

In this situation we have that u=e,x +¢,,,%,, IS a vector that belongs to the

vector subspace {A(X,X,)/AeM,(®)}. On the other hand, the vector
V=a, X0+ ,%., 0%, Delongs in the branch 2-subspace determined with
L*(«

X QL% X ,) - According to this, the 2-vector (u,v) is not a vector from A
but it is a vector from M '. So, the vector v is a coordinate of 2-vectors from M .
Because of the nature of the operations over the vectors from M ', we have that also the
vector av has the same nature. But, here for the vector (u,av) we have that it is also
10 ..
from M ', Indeed for (u,av)= [0 }(u,v) = A(u,v) e M. Now, it is clear that the 2-
(24

Vectors (U, X,,), (X1, %;,.) (X, V), (av,u) are also generators of one cyclic 2-

subspace.
Situation 4. U=, X + & X1y V=0, X0 T F.aXs + X0 Where o, ., #0
In this situation, everything is the same as in the previous sub case, except
that the number of generator elements of the cyclic 2-subspace is for one greater
than before, which gets us to a different situation.

Sub caseld.u=x ,v=aX, +a;, X, + &, X2, @0,

This case is possible, and u and v are vectors which are coordinates of some 2-
vectors from the 2-subspace A . It is worth mentioning that the condition ¢ «,,, =0,
i.e. a,,a,,=0 is key condition, because we will not have a situation in which
the vector v can be in the form v=ax +a;,x,, or in the form
V=X, which as a situation we have as a sub case 8 or sub case 9 in this
case. The least variant is the vector v to be inthe form v =%, + . ,X,,, - If we put that
i is fixed index, and only ; is variable, then we have the following situations:

Situation 1. u=x, V=0o, X, + X + &, X, &, #0.

In this situation we have a 2-vector (u,v) =(u=x,v)eM < M". So, in this situation
we do not have extension of the 2-subspace M .

Situation 2. u=X,, V=X + & X + &% A, #0.

In this situation we have the 2-vectors (u,x.,),(%.,,V),(v,u) which solely for
themselves form loop 2-subspace, which we will denote with S . So, now we have
extension inthe form M'=M US .

Situation 3.u=x,V=q, X, + & ,%.,, + &,

i+17%+1 i+27%+2 i+3

It is clear that the 2-vectors (u,X,), (X1, %.5) (X5, V), (v,u) is a fourth vectors
which form cyclic 2-subspace from X?* and with that a cyclic 2-subspace from the

,#20.

T X,

i+1

Xz Ky #0.
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new 2-subspace M. Now it is clear that the new 2-subspace which is a 2-
subspace from x?, has the following form M'=M US,
where S is the cyclic 2-subspace which is previously described.

Situation 4.u =X ,V=a, ,X., + &, 3X .5 + X4 Xioar XGyCia 20

In this situation we have totally analogous situation as before, just that the
number of generator elements is for one greater from the previous situation.

Sub case 15. u=oX + Xy, V=a,X +a; X, 0, %0, aa;, #0.

In this sub case we have mutual relationship between i and ;. In this sub
case we will consider that i as an index is fixed, and only ; will be variable.
Here we have the following situations:

Situation 1. u=a;x + &, %1, V=8 %, + 5% .

In this situation we have a 2-vector (u,v) which has the form
(UVv) = (% + & X%, BaXa.+8%). It is clear that the 2-vectors
(U, %) = (% + %0, %) and (x,v)=(x,B %, +Bx) are 2-vectors from the
space from the beginning. According to that, we have a situation that these three
2-vectors make a new kernel 2-subspace from A7 . This 2-subspace is as the 2-
subspace from the sub case 6 of this paper. So, in this case we have a 2-
subspace which is a kernel one, i.e. the whole extension is like in the sub case 6
from this paper, i.e. M'=M UL (X, X1, X.5)

Situation 2. U=, X + &, X1, V=BX + . %

In this situation we have a 2-vector (u,v) which is in the 2-subspace M , i.e.

it can be written as a 2-vector in the form A(x,,y,), where 4= {a‘ Z‘”} ,i.e.
i i+1

@ Oy

V) = A RRATEY
(u,v) (X, X% 1) [ﬂi 5.

So, in this situation we do not have any extension.

Situation 3. u=a;X + &, X1, V=B %0+ B

In this situation we have a 2-subspace which is totally the same as in the
previous situation 1.

Situation 4. u =X + X0,V =0 . % + &, 3% 5

In this situation we have a 2-subspace which is the same as the sub case 7
from this case and here we will not describe it.

Situation 5. U=, X + & X1, V= 5% 3 + X0 Xira

In this situation 5 we have a 2-subspace which is generated from
U=aX +a,,%,, and v=a, X .+, ,%,, Which is equal to subcase 7.

i+17%+1
Sub case 16. U= X+, X4 + & X5,V =X+ BraXin + BroXin A, 20, aja;,, 20

i+17%N+1 i+2%%+2 7 ii+2 j

From the conditions «a;,, #0 and «,a;,, #0 it is clear that these vectors

]

:|(Xi X)) = (X + A X, BiX + BaXia)

cannot be in the form u=ax +a,., X, OF U=a, X, + 0 X, L€ V=8,.X,+B,.,X.,

i+17%+1 i+1%N+1 i+2%
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or v=Bx +f,%;,,. That case is considered in the sub case 15 of this case 3.
Also, it is clear that the vector v=g,x, +B,,.x,., + B,..X;., belongs in the 2-subspace

L(B;X; + BiiaXiia X)) < LB X, + BioXi2: %501)
and also that the vector u=a,x, + . X, + &,

i+17%N+1 i

.., belongs in the 2-subspace
L(a% + @ o0 X0a) X (G X + 00X %) -
Here, it is clear that the 2-vectors (v,x;,) and (u,x,,) also belong in the 2-

subspaces

L(B;X; + Bi.aXjuzr X)) X L(B X, + Bi,2X5420 Xj11) and

L@ X+ 5% 00 %) X Lo % +a.,%,,, %,,) accordingly.

But, in this sub case we have a mutual relationship between i and j, which
we will thoroughly consider.

Situation 1. u=aX + ., Xy + &% 0 V=0 X 4 F X + 1 %0

From the definition of M * certainly (u,v) is a 2-vector which belong in it.
But now we have that the four 2-vectors (v, x), (X, X;.,), (X, u),(u,v) belong in
M ', so the cyclic 2-subspace generated with them, also belongs.

Situation 2. u=aX +a, X + & %0 V= BX + B 1%+ BoXis

i+17%+1
In this situation we have that the 2-vectors (v, x;,,),(x.,,u),(u,v) are three 2-

vectors which belong in M ', so, according to that in the same 2-subspace will
belong also the kernel 2-subspace generated by them. So, we will have that
L?(u,v,x,,,) cM", and now itis clearthat M'=M U L*(u,v, x.,,) -

Situation 3.u =X + &, %1 + %%,V =B Xn + B %o + BisXis

It is obvious that this 2-subspace from this situation is totally analogous to
the 2-subspace from the situation 1 from this sub case.

Situation 4.u = o X + & %, + %%,V = B0 X + BsXis + BiaXing

In this situation we have that the five 2-vectors

(U Xg s (K10 X2 ) (X2 %43 )s (X V), (V1)
form a cyclic 2-subspace which at the same time is a 2-subspace from A ', too.
We will denote it with S, . So M'=M US,

Situation 5.u =X, + @, X + Ao Xiz 1 V= BusXius + BuaXis + BusXis -
According to the previous notes, from the introduction of these situations, as
well as from the general sub case, we have that the 2-vectors
(U X0 )y (K1 X2 (K Xii3)s (30 %00 (K440 V), (V, 1)
form a cyclic 2-subspace which is a 2-subspace generated from six 2-vectors.
This 2-subspace is also a 2-subspace from M '. We will denote it with S, . So,

M'=MuUS,.
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3. EXTENSION OF A TWO-SKEW-SYMMETRIC LINEAR FORM

In this part we will consider that the field @ is the field of real numbers, R .

Case 2, sub case 1

Theorem. Let A:M >R be a 2-skew-symmetric form such that
A(x,y) < p(x,y) forevery (x,y)eM, p:X? >R bea 2-seminormand M is
a branch 2 -subspace of the 2 -space x?. Let M ' be an extension of M as in
sub case 1 of case 2. Then there exists a 2-skew-symmetric linear form
A':M'— R such that

AIM =A

—P(=XY) SA'(XY) < p(x,y). *)

Proof. We will choose two arbitrary elements from the 2-subspace M,
which in the same time belong in the loop u. let that be the elements
(%, +ax.,,,u) and (e« %, +ax,,u). For the 2-skew-symmetric form A,
according to the conditions of the theorem, we have that
Aoy X, +aX W)+ A(ay X, +aX,,,U) = Al X, +a %, + o X +aX ,,u) <

i+11

i+l i+1? i+1Xi+l

Fo X%, T %, U) = Plag X +aX,, —V+a, X, +aX,, +V,U) <

<p(e Xy taXy, 41 41
< plag_ X, + X, —V,u)++P(a,_ X, +ax
In other words, the inequality is fulfilled

Al 4%y X, ,U) = Pleg y Xy +aX,, —V,u) < p(aivflxi—l + axiln

Since ¢, ,,¢,,, €R and «; ,,a,,, € R are arbitrary, we get that

+V,U) = A(a_ X, +aX,;,U)

+V,U)

i+1

+V,u) = Al %_, +aX ,,u)

sup A(a X, +aX,,,U)— pla_ X, +aX,, —Vv,u)=d < ple, X, +ax

[CER

So, for arbitrary «, ,,«,.,,a, ,,a,,, € R, the inequalities are fulfilled
—-v,u)<d

+V,u)— A(ail—lxi—l + ail+lxi.+1’ u)

i+l i+l

Aoy Xy +aX,,,u) = plagX , +aX,,
e

d < p(er Xy + X
1.8, A 1% 4 +.1%,,U) —d < plagX, +aX,, —V,u) 1)

AT (2)

i+l

i+1

Ala,_ %, +ax ,,u)+d < pla,_ X, +ax
Now, we will determine A':M'— R with
ATA(ey Xy + ey X + 7V, U)] = (det A)[A(e Xy + i X, U) +7d], e R,

i i+1 i+1

A Y=AXY), (X,y)eM.
According to this AVM =A.

a; a;
we choose —=tand -+

From the other side, if in instead of ¢« , and ¢, " el

t >0 and if we use the properties of A and p accordingly, we get that
u)—td < ple X 4 + @ X, —tv,u). (3)

i+17%N+1

Aoy %+ %

i+17%+11

Fully analogous, if in (2) instead «, , and «;, we choose %and %, t>0

i+l

accordingly, and again, if we use the properties of A and p, we get that
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X, W +td < plog X, +a %, +iv,u) . (4)
Now, from (3) and (4) we see that
A0 Xy + X 7V, U) < P X + Oy Xy + 7V, U)
where from it is clear that in general case A'<p on M '. in other words, the
inequality (*) is fulfilled.
Case 2, sub case 2
Theorem. Let A:M >R be a 2-skew-symmetric form such that

A(X,y) < p(x,y) forevery (x,y)eM, p:X* >R bea 2-seminormand M is
a branch 2 -subspace of the 2 -space x?. Let M ' be an extension of M as in
sub case 2 of case 2. Then there exists a 2-skew-symmetric linear form
A':M'— R such that

ATM =A

—P(XY) SA(XY) < p(x,y) - (*)

Proof. We will choose two arbitrary elements from the 2-subspace M,
which at the same time belong in the loop u. Let us note here that the choosing
of the elements from this 2-subspace can be done in the following way

o
|: a I+l:| (Xi ! Xi+1) = (O! X +al+lxl+1' U)

Ao, %, +a, X

b

= A,

where detA=0, A{a‘ } and det( “ D det[{ﬂ‘ ﬂt‘)“D;to. In that case,

A% + @, X, U+ AB X+ BaXig U) = Ao X + 0, Xy + 8%+ BaX,U) <
< plax +a.+1xu+1+ﬂuxu +La % ) P(aX + i Xy —V+ BX + BXi, +V,U) <
< plagX + g, %,y —VaU)+ POBX + ByX,, +V,U)
In other words, the inequality holds
AogX + 0,1 %, U) = Pl X+, % =V, U) S PIBX + B Xy VW U) = A(BX + B1X%,0U) -
Now, from the arbitrariness of «;,«;,, e R and of 3, 3., e R we have that
sup [A(g X+, %1, U) = P X + . %, =V, W] =d < B X+ B X%y +V,U) = A(BX + B %0,U)

So, for arbitrary «;,¢,, e R and g, 3, R the inequalities hold
A X + 0,0 %.5,U) = plasX +a X%, —V,u) <d - (1)

i+l
d S p(ﬁixi +ﬂl+1xl+1 +V U) A(ﬂixi +ﬁi+1xi+1'u) (2)
Now, let A':M'— R be determined with
ATA(eX + 0,0 %, + v, U)] = (det A)[A(e X+, %, U) +d]

i+l |+1 i+l

A'Xy)=AxY), (x,y)eM
Here AYM =A.
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Let's substitute % and % instead «;, and ¢, in the inequality (1), and in
the inequality (2) we substitute % and % instead B and g, . Then

AaiX +at,1%.,,U) —td < plagX; +65,,%,, —tv,U) 3)

ABX + B X U) +1d < PIBX + By X%, +V,U) (4)

Now, from (3) and (4) it is clear that
A X+ % 4 +7V,U) < plag X+ X g + 7V, U) .
With this, the proof that A'< p through A ', is completes, i.e. that (*) holds.
Case 2, sub case 3
There is no case, and there is no Hahn-Banach theorem.
Case 2, sub case 4
Theorem. Let A:M —>R be a 2-skew-symmetric form such that
A(X,Y) < p(x,y) forevery (x,y)eM, p:X? >R bea 2-seminormand M is
a two-sided branch 2 -subspace of the 2 -space x?. Let M ' be an extension of
M as in sub case 4 of case 2. Then there exists a 2 -skew-symmetric linear
form A':M'— R such that

i+1 i+1

ATM =A
—p(=x,y) SA'(X, ) < p(x,y). (*)
Proof. Let the vector u is given with u=ax +a %, +&,,%., (We will

consider especially the case when «,«,, #0- the rest of the situations are
already considered). It is clear that we can choose 2-vectors in the form (u,x)
and (u,y) which belong in the 2-vector subspace M . Indeed, we choose 2-
vectors (X, %.,), (&4.,%..,%.,) Which according to the definition of A& belong
in M . But  then, in M belongs also  the 2-vector
(@ %, %) (%00 % g) = (X + 45X .00 %,,) - We Choose matrices 4, B e M, (R)

i+2 7N+

0
(U o + a0 %,,) and (U, a,;%,)

i+l

which belong in A . Now, it is clear that in this 2-subspace, belong every 2-
vector in the form

C:(u’ﬂixi +ﬂi+1xi+2) = |:1

. . 1 ¢ 1 «
given with 4= L a‘“} , B= {0 a'“} , and we get the 2-vectors

i+1

0
0 :|(uw8ixi + BiaXiiz) = U, a(BX + B X))
o

as well as every 2-vector in the form

10

DU, BiaXia) = |:0 '8:|(u’ﬁi+1xi+1) =, BBiaXia) "

Finally, in this 2-subspace M belongs also every 2-vector in the form
(U, a(BX + BiaXi o)) + (U BB %) = (U, a(BX + BiaXia) + BBiaXia) »

which can be obtained also in another way.
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Let us now have two vectors in that form, which belong in the 2-subspace
M and let it be the 2-vectors

U, @' (BX + BaXi2) + B BaXi)

(U, a(BX + BiaXi2) + BB %) -
Now, the proof continues the same as in the previous two theorems like this one.
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